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Abstract 

Quasi-invariant and pseudo-differentiable measures on a Banach 
space X over a non-Archimedean locally compact infinite field with 
a non-trivial valuation are defined and constructed. Measures are 
considered with values in non-Archimedean fields, for example, the 
field Q p of p-adic numbers. Theorems and criteria are formulated 
and proved about quasi-invariance and pseudo-differentiability of mea- 
sures relative to linear and non-linear operators on X. Characteristic 
functionals of measures are studied. Moreover, the non- Archimedean 
analogs of the Bochner-Kolmogorov and Minlos-Sazonov theorems are 
investigated. Infinite products of measures are considered and the ana- 
log of the Kakutani theorem is proved. Convergence of quasi-invariant 
and pseudo-differentiable measures in the corresponding spaces of mea- 
sures is investigated. 



1 Introduction. 

This part is the continuation of the first one and treats the case of measures 
with values in non-Archimedean fields of zero characteristic, for example, 
the field Q p of p-adic numbers. There are specific features with formulations 
of definitions and theorems and their proofs, because of differences in the 
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notions of a-additivity of real-valued and Q p -valued measures, differences 
in the notions of spaces of integrable functions, quasi-invariance and pseudo- 
differentiability. The Lebesque convergence theorem has quite another mean- 
ing, the Radon-Nikodym theorem in its classical form is not applicable to the 
considered here case. A lot of definitions and theorems given below are the 
non- Archimedean analogs of classical results. Frequently their formulations 
and proofs differ strongly. If proofs differ slightly from the classical or that 
of Part I, only general circumstances are given in the non- Archimedean case. 

In §2 weak distributions, characteristic functions of measures and their 
properties are defined and investigated. The non-Archimedean analogs of 
the Minlos-Sazonov and Bochner-Kolmogorov theorems are given. Quasi- 
measures also are considered. In §3 products of measures are considered 
together with their density functions. The non- Archimedean analog of the 
Kakutani theorem is investigated. In the present paper broad classes of 
quasi-invariant measures are defined and constructed. Theorems about quasi- 
invariance of measures under definite linear and non-linear transformations 
U : X — > X are proved. §4 contains a notion of pseudo-differentiability 
of measures. This is necessary, because for functions / : K — > Q s with 
s 7^ p there is not any notion of differentiability (there is not such non- 
linear non-trivial /), where K is a field such that K D Q p . There are given 
criteria for the pseudo-differentiability. In §5 there are given theorems about 
converegence of measures with taking into account their quasi-invariance and 
pseudo-differentiability, that is, in the corresponding spaces of measures. The 
main results are Theorems 2.21, 2.30, 3.5, 3.6, 3.15, 3.19, 3.20, 4.2, 4.3, 4.5, 
5.7-5.10. 

In this part notations of Part I are used also. 

Notations. Henceforth, K denotes a locally compact infinite field with a 
non-trivial norm, then the Banach space X is over K. In the present article 
measures on X have values in the field K s , that is, a finite algebraic extension 
of the s-adic field Q s with the certain prime number s. Henceforth, C s 
denotes the uniform completion of the union of all K s with the multiplicative 
ultranorm extending that of Q s . We assume that K is s-free as the additive 
group, for example, either K is a finite algebraic extension of the field of 
p-adic numbers Q p or char(K) = p and K is isomorphic with a field F p (6) 
of formal power series consisting of elements x = J2j a j@^, where aj G F p , 
\0\ = p^ 1 , F p is a finite field of p elements, p is a prime number and p ^ s. 
These imply that K has the Haar measures with values in K s [35fl. If X is 
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a Hausdorff topological space with a small inductive dimension ind(X) = 0, 
then 

E denotes an algebra of subsets of X, as a rule E D Bco(X) for K s - valued 
measures, where 

Bco(X) denotes an algebra of clopen (closed and open) subsets of X, 

Bf(X) is a Borel a-field of X in §2.1; 

Af(X,n) is the completion of E by a measure /x in §2.1; 

M(X) is a space of norm-bounded measures on X in §2.1; 

M t (X) is a space of Radon norm-bounded measures in §2.1; 

L(X, /i,K s ) is a space of /x-integrable K s -valued functions on X in §2.4; 

X£ is a character with values in T s in §2.5; 

9{z) — /x is a characteristic functional in §2.5; 

C(F,r), r(F) in §2.20; 

v <C /U, v ~ /x, i/ _L /x in §2.31. 



2 Weak distributions and families of measures. 

2.1. For a Hausdorff topological space X with a small inductive dimension 



ind(X) = PHI , henceforth, measures /i are given on a measurable space 
(X, £?), where is an algebra such that D Bco(X), Bco(X) is an algebra 
of closed and at the same time open (clopen) subsets in X. 

We recall that a mapping /x : E — > K s for an algebra E of subsets of X 
is called a measure, if the following conditions are accomplished: 

(z) /x is additive and /x(0) = 0, 

(n) for each A £ E there exists the following norm 
:= sup{|/i(5)| Ks : B C A, B E E} < oo, 

(ra) if there is a shrinking family F, that is, for each 

A,B<eF there exist F 3 C C (A f] B) and n{A : A G F} = 0, then 
liuueF fJ-(A) = (see chapter 7 |35| and also about the completion Af(X, /x) 
of the algebra by the measure /x). A measure with values in K s is called a 
probability measure if \\X\\^ = 1 and /x(X) = 1. For functions / : X — > K s 
and : X — > [0, oo) there are used notations ||/||^ := sup a . gX (|/(x)|0(x)), 
X M (x) := inf(||[/|| M : [/ G Bco(X), x G X). Tight measures (that is, 
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measures defined on E D Bco(X)) compose the Banach space M(A) with a 
norm ||/i|| := HX^. Everywhere below there are considered measures with 
||X|| M < oo for fi with values in K s , if it is not specified another. 

A measure fi on E is called Radon, if for each e > there exists a compact 
subset C C X such that ||/i|(x\c)ll < e - Henceforth, M(X) denotes the space 
of norm-bounded measures, M t (X) is its subspace of Radon norm-bounded 
measures. 

2.2. If A G Bco(L), then P£" (A) is called a cylindrical subset in X with a 
base A, B L := P£ l (Bco(L)), B := U(B L : L C X, L is a Banach subspace , 
dim-K_X < Hq) (see §1.2.2). Let an increasing sequence of Banach subspaces 
L n C L n+ i C ... such that cl(U[L n : n]) = X, dim-^L n = K n for each 
n be chosen, where cl(A) = A denotes a closure of A in X for A G X. 
We fix a family of projections ■ L m -> L n such that P£™P%£ = P%™ 
for each m > n > k. A projection of the measure // onto L denoted by 
Hl(A) := /x(P£" """(A)) for each A G Bco(L) compose the consistent family: 

(1) p Ln {A)=p Lm {P£(A)nL m ) 

for each m > n, since there are projectors P L m , where n n < K and there 
may be chosen K n < Ko for each n. 

An arbitrary family of measures {fiL n '■ n G N} having property (1) is 
called a sequence of a weak distribution (see also 0, |39f). 

2.3. Lemma. ^4 sequence of a weak distribution {fii n '■ n} is generated 
by some measure \i on Bco(X) if and only if for each c > there exists b > 
such that \\L n \B(X,0 

i r )\\^L n — c and sup n ||Pn||jUE, n < °° A 4 values 

in K s; where r > b. 

Proof. For fi with values in K s the necessity is evident. To prove the 
sufficiency it remains only to verify property (2. Liu), since then ||X|| M = 
sup n ||P n ||^ < oo. Let B{n) G E(L n ), A{n) = P^(B(n)), by Theorem 
7.6 JJIJ for each c > there is a compact subset C{n) C B{n) such that 
\\B(n) \ C{n)\l Ln < c, where \\B(n) \ D(n)\\, < max(||P(m) \ C(m) || ML(ra) : 
m=l,...,n) <candP>(n) := lX=i Pi(m) _1 (C(m))nP n ), P£^(E(L n ) c £ = 
P(X). If A(n) D A(n+1) D ... and fin Mn) = 0, then A'(n+1) C A'(n) and 
Dn^'H = 0, where A'(n) := P^{D{n)), hence ||A(n)||„ < ||A'(n)|| M + c. 
There may be taken B(n) as closed subsets in X. In view of the Alaoglu- 
Bourbaki theorem (see Exer. 9.202(a.3) |[34|| ) and the Hahn-Banach theorem 
(4.8 [pop sets A(n) and P(X, 0, r) are weakly compact in A, hence, for each 
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r > there exists n with B(X,0,r) H A(n) = 0. Therefore, ||v4.(rz) ||^ = 
11-8(71)11^ < \\L n \ B(X, 0, r)|| M£ < c and there exists linin^oo = 0, 
since c is arbitrary. 

2.4. Definition and notations. A function : X — > K s of the form 
0(x) = <ps{Ps x ) is called a cylindrical function if is a £'(5')-measurable 
function on a finite-dimensional over K space S in X. For <$$ G -^(5*, Z^s, K s ) := 
L(fjLs) for /x with values in K s we may define an integral by a sequence of a 
weak distribution {{J>s(n)} : 

J 4>(x)fj,*(dx) := J (j)s(n)(x)ns{ n )(dx), 

where L(p) is the Banach space of classes of /i-integrable functions (/ = g fi- 
almost everywhere, that is, ||A|| M = 0, A := {x : f(x) ^ g(x)} is //-negligible) 
with the following norm ||/|| := \\g\\Nu @ ; 0i |39f - 

2.5. Remarks and definitions. In the notation of §1.2.6 all continuous 
characters \ : K — > C s have the form 

(i) xe( x ) = c^ 1 ^)) 

for each 77 ((£,&)) 7^ 0, x?( x ) := 1 101 ^((C^)) = 0, where e = l z is a root 
of unity, 2 = p^MM) ; tt,- : K -> R, r}{x) := {x} p and £ G Q£* = Q£ 
for char(K) = 0, 77(2;) := 7r_i(x)/p and £ G K* = K for c/iar(K) = p > 0, 
x G K, (see §25 Hl6fl ). Each x is locally constant, hence x '■ K — > T s is also 
continuous, where T denotes the discrete group of all roots of 1, T s denotes 
its subgroup of elements with orders that are not degrees s m of s, m G N. 

For a measure /1 with values in K s there exists a characteristic functional 
(that is, called the Fourier-Stieltjes transformation) 9 = 9^: C(X, K) — > C s : 

(2) 9(f) := / Xe(f(x))»(dx), 
Jx 

where either e = (1, 1) G Q£ for char(K) = or e = 1 G K* for char{K) = 
p > 0, a; G X, / is in the space C(X, K) of continuous functions from X into 
K, in particular for z — f in the topologically conjugated space X* over K, 
z : X — > K, z G X*, #(2:) =: /i(z). It has the folowing properties: 

(3a) 9(0) = 1 for /t(X) = 1 
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and 9(f) is bounded on C(X, K); 



(3b) sup \0(f)\ = 1 for probability measures ; 
/ 

(4) 9(z) is weakly continuous, that is, (X*, a(X*, X))-continuous, 

a(X*,X) denotes a weak topology on X*, induced by the Banach space X 
over K. To each x G X there corresponds a continuous linear functional 
x* : X* — > K, x*(z) := z(x), moreover, 8(f) is uniformly continuous relative 
to the norm on 

C b (X,K) := {/ G C(X,K) : ||/|| := sup |/(x)| K < oo}. 

Property (4) follows from Lemma 2.3, boundedness and continuity of Xe 
and the fact that due to the Hahn-Banach theorem there is x z G X with 
z(x z ) = 1 for z 7^ such that z\ixqL) = and 

= / Xe(Ph(x))n(dx) = / Xe(y)fiL(dy), 
Jx Jl 



where L = Kx 2 , also due to the Lebesgue theorem (from Exer. 7.F [|35| for 
/i with values in K s ). Indeed, for each c > there exists a compact subset 
S C X such that \\X \ SW^ < c, each bounded subset A C X* is uniformly 
equicontinuous on S (see (9.5.4) and Exer. 9.202 [0), that is, {Xe( z (x)) '■ 
z G A} is the uniformly equicontinuous family (by x G S). On the other 
hand, Xe(f(%)) is uniformly equicontinuous on a bounded A C C&(X, K) by 
xeS. 

We call a functional 9 finite-dimensionally concentrated, if there exists 
L C X, dim-^L < N , such that #|pr\z) = A*(X). For each c > and 5 > in 



view of Theorem 7.6[35 there exists a finite-dimensional over K subspace L 



and compact S C L 5 such that ||X \ S\\n < c. Let 9 L (z) := 9(P^z). 

This definition is correct, since L C X, X has the isometrical em- 
bedding into X* as the normed space associated with the fixed basis of 
X, such that functionals z G X separate points in X. If z G L, then 
\9(z) — 9 L (z)\ < cxbx q, where b = \\X\lp, q is independent of c and b. Each 
characteristic functional 9 L (z) is uniformly continuous by z G L relative to 
the norm ||*|| on L, since \9 L (z)-9 L (y) \ < | f s , nL [x e (z(x))-Xe(y(x))] fi L (dx)\ 
+ 1 Jl\s' [Xe(z(x)) — Xe(y(x))} Hi(dx)\, where the second term does not exceed 
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2C for \\L \ S'W^ < d for a suitable compact subset S' C X and Xe(z(x)) is 
an uniformly equicontinuous by x G S' family relative to z G B(L, 0, 1). 
Therefore, 

(5) 6(z) = lim 9 n (z) 

n— >oo 

for each finite- dimensional over K subspace L, where 6 n (z) is uniformly 
equicontinuous and finite-dimensionally concentrated on L n C X, z & X, 
d(\J n L n ) = X, L n C L n+ i for every n, for each c > there are n and g > 
such that \9(z) — 6* ^ ( ^ ) | < cbq for 2 G Lj and j > n, q = const > is inde- 
pendent of j, c and b. Let {ej : j G N} be the standard orthonormal basis in 
X, ej = (0, ...,0, 1,0, ...) with 1 in j-th place. Using Property 2.1.(iii) of /x, 
local constantness of Xe, considering all z = bej and b G K, we get that 9(z) 
on X is non-trivial, whilst /x is a non-zero measure, since due to Lemma 2.3 
/x is characterized uniquely by {/i_L n : n}. Indeed, for /x with values in K s a 



measure /xy on V, dim-^V < K , this follows from Theorem 9.20[16], where 



F (g)( z ) ■= lim / Xe(z(x))g(x)m(dx) } 

JB(Vfl,r) 

z G V, g G L(V,/iy, C s ), m is the Haar measure on V with values in K s . 
Therefore, the mapping fi 1 — > 9 ^ is injective. 

2.6. Theorem. Let /xi and /X2 6e measures in M(X) on the same algebra 
E, where Bco(X) C E C Bf(X) such that fii(f) = faif) f or eac h f G V. 
Then fi\ = u 2 , where X = co(a,K), a < u , T is a vector subspace in a 
space of continuous functions f : X — > K separating points in X . 

Proof. Let at first a < Uq, then due to §2.5 /xi = /X2, since the family 
T generates E. Now let a = u , A = {x G X : (fi(x), f n (x)) G S 1 }, i/j 
be an image of a measure fij for a mapping a; 1— > f n (x)), where 

5 G £(K n ), /,61m X*. Then fcfo) = Ai(3/i/i + - + 2/n/n) = (2/1/1 + 
••• + 2/n/n) = v 2 {y) for each y = (y h ...,y n ) G K n , consequently, v x = v 2 on 
i?. Further compositions of / G V with continuous functions g : K — > K s 
generate a family of K s -valued functions correspondingly separating points 
of X (see also Chapter 9 in |35| ) . 

2.7. Proposition. Let u l and /x 6e measures in M(Xj) and M(X) re- 
spectively, where X\ = c (ai,K), ol\ < u , X = Xi, n G N. Then the 
condition £i(zi, ...,z n ) = IlLi/M"^) f or eac ^ ( z i? ■■■i z n) G X c — > X* is equiv- 
alent to \i = n"=i Hi- 

Proof. Let fi = JlLiW* then /K z i> = Jx Xe(E Zi{x{)) U? =1 /ij(dxj) 
= nr=i Jx, XeO^O^))/^^)- The reverse statement follows from Theorem 2.6. 
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2.8. Proposition. Let X be a Banach space over K; suppose /i, n\ 
and fi2 are probability measures on X . Then the following conditions are 
equivalent: fi is the convolution of two measures // = /ii * /j 2 , and jl(z) = 
p,i(z)ji2{z) for each z G X . 

Proof. Let \i = /ii*/i 2 - This means by the definition that \x is the image of 
the measure for the mapping (x\, x 2 ) i— > Xi+x 2 , Xj G X, consequently, 

K z ) = IxxxXe(z(x 1 +X 2 )) ® H2)(d(x 1 ,X 2 )) = JljLl fx Xe(z(xi)) Hl( dx l) 

= fii(z)fi 2 (z). On the other hand, if fi\\x 2 = A*, then ft = (/ii * /i 2 ) A and due 
to Theorem 9.20|35| for measures with values in K s , we have /i = /ii * /i 2 . 

2.9. Corollary. Let v be a probability measure on BfiX) and = [l 
for each fi with values in the same field, then v = Sq . 

Proof. If z G X X* and /t(^o) 7^ 0, then from ji(zo)P(zo) = fi(zo) 
it follows that ^(^o) = 1- From Property 2.6(5) we get that there exists 
m G N with (i(z) ^ for each z with ||z|| = p~ m , since /t(0) = 1. Then 
z>(^ + z ) — 1; that is, i / \(B(x,z ,p~ m )) = 1- Since /x are arbitrary we get 
i>|x = 1, that is, v = 5o due to §2.5. 

2.10. Corollary. Let X and Y be Banach spaces over K ; jj, and v 
be probability measures on X and Y respectively, suppose T : X —>■ Y is a 
continuous linear operator. A measure v is an image of fi for T if and only 
if v = fioT*, where T* : Y* — > X* is an adjoint operator. 

Proof follows from §2.5 and §2.6. 

2.11. Proposition. For a completely regular space X with ind(X) = 
the following statements are accomplished: 

(a) if (fip) is a bounded net of measures in M(X) that weakly converges 
to a measure \i in M(X), then (/x J g(/)) converges to fi(f') for each continuous 
f : X — > K; if X is separable and metrizable then (ftp) converges to ft 
uniformly on subsets that are uniformly equicontinuous in C(X, K); 

(b) if M is a bounded dense family in a ball of the space M(X) for mea- 
sures in M(X), then a family (/t : fi G M) is equicontinuous on a locally 
^-convex space C(X, K) in a topology of uniform convergence on compact 
subsets S C X . 

Proof, (a). Functions Xe(f(%)) are continuous and bounded on X, where 
/*(/) = fx Xe(f(x))^i(dx). Then (a) follows from the definition of the weak 
convergence, since spc s {Xe{f i x )) '■ f £ C(X, K} is dense in C(X,C S ). 

(b). For each c > there exists a compact subset S C X such that 
< c/4 for K s -valued measures. Therefore, for \i G M and / G 
C(X,K) with |/(x)| K < c < 1 for x G S we get |/i(X) - £(/)! = I Jx(l - 
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Xe(f (x)) fi(dx)\ < c/2 for K s -valued /i, since for c < 1 and x G S we have 
\, (/(,-))- \, (-/(,•)) 0. 

2.12. Theorem. Lei X be a Banach space over K, 77 : V — > C 6e 
a continuous positive definite function, (fip) be a bounded weakly relatively 
compact net in the space M t (X) of Radon norm-bounded measures and there 
exists \im.p fip{f) = 'j(f) for each f G T and uniformly on compact subsets of 
the completion T, where T C C(X, K) is a vector subspace separating points 
in X . Then (fip) weakly converges to fi G M t (X) with fi\r = 7. 

Proof is analogous to the proof of Theorem IV.3.l|43| and follows from 
Theorem 2.6 above and using the non- Archimedean Lebesgue convergence 
theorem (see Chapter 7 in |35[| ). 

2.13. Theorem, (a). A bounded family of measures in M(K n ) is weakly 
relatively compact if and only if a family (// : \i G M) is equicontinuous on 
K n . 

(b). If (fij : j G N) is a bounded sequence of measures in M t (J£ n ), 
7 : K n — > C s zs a continuous function, ftj(y) — > 7(2/) /or eac/i y G K n 
uniformly on compact subsets in K n , t/ien (/ij) weakly converges to a measure 
/i wzi/i /t = 7. 

('cj. v4 bounded sequence of measures (fij) in M t (K n ) weakly convereges 
to a measure fi in M t (K n ) if and only if for each y G K n there exists 

(d). If a bounded net (/i/3) in M t (K n ) converges uniformly on each bounded 
subset in K n , then (/ig) converges weakly to a measure fi in M t (K n ), where 
n G N. 

Proof, (a). This follows from Proposition 2.11. 

(b). Due to the non- Archimedean Fourier transform and the Lebesgue 
convergence theorem |35] for K s -valued measures and from the condition 
-^00 supij^^. (7(2/) \R n — it follows, that for each e > there exists 
R > such that lim m sup i>m ||^|{«B 6 K»:|a,|>Ji}|| < 2 sup^^ \j{y)\R < e for 
each R > Rq. In view of Theorem 2.12 (fij) converges weakly to fi with 
fi = 7. (c,d). These can be proved analogously to IV.3.2|43||. 

2.14. Corollary. If (fip) — > 1 uniformly on some neighbourhood of in 
K n for a bounded net of measures fip in M^K 11 ), then (fip) converges weakly 
to 5 . 

2.15. Definition. A family of probability measures M C M t (X) for 
a Banach space X over K is called planely concentrated if for each c > 
there exists a K-linear subspace S C X with dim^S = n < Kq such that 
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inf ( 1 1 iS' c 1 1 : /i G M) > 1 — c. The Banach space M t (X) is supplied with the 
following norm 

2.16. Theorem. Let X be a Banach space over K with a family V C X* 
separating points in M C M t (X) . T/ien M is weakly relatively compact if and 
only if a family {fi z : // G M} is weakly relatively compact for each z G T and 
M is planely concentrated, where fi z is an image measure on K of a measure 
H induced by z. 



Proof follows from the Alaoglu-Bourbaki theorem ||34|| , Lemmas 1.2.5 and 
1.2.21. 

2.17. Theorem. For X and F the same as in Theorem 2.16 a sequence 
{fij : j G N} C M t (X) is weakly convergent to fi G M t (X) if and only if for 
each z G T there exists linx/-^ fij(z) = fi(z) and a family {fij} is planely 
concentrated. 

Proof follows from Theorems 2.12,13,16. 

2.18. Proposition. Let X be a weakly regular space with ind(X) = 0, 
T C C(X, K) be a vector subspace separating points in X, (fi n : n G N) 
C M t (X), fi G M t (X), lim n - +0 oAn(/) = £(/) for each f G V. Then (fi n ) is 
weakly convergent to \i relative to the weakest topology a(X, T) in X relative 
to which all f G T are continuous. 

Proof follows from Theorem 2.13. 

2.19. Let (X, U) = T[\(X\, U\) be a product of measurable completely 
regular Radon spaces (X\, Ua) = (X\, Ua, Ka), where Ka are compact classes 
approximating from below each measure fi\ on (X\, Ua), that is, for each 
c > and elements A of an algebra Ua there is S G Ka, S C A with 
\\A\S\\, x <c. 

Theorem. Each bounded quasi-measure fi with values in K s on (X, U) 
(that is, /x|u A is a bounded measure for each X) is extendible to a measure on 
an algebra Af(X,fi) D U, where an algebra U is generated by a family (Ua : 
AG A). 

Proof. We have 2.1 (i) by the condition and \\X\\^ < oo, if 2.1(iii) is 
satisfied. It remains to prove 2.1(iii). For each sequence {A n ) C U with 
fin A n = and each c > for each j G N we choose Kj G K, where the 
compact class K is generated by (Ka) (see Proposition 1.1.80), such that 
Kj C Aj and \\Aj \ KjW^ < c. Since f|^=i K n d ^\ n A n = 0, then there 
exists I G N with nLi^n = 0, hence A x = A x \ [i n=l K n C \J n=1 {A n \ 
K n ), consequently, \\Ai\\^ < max n=1) . ^(||y4 n \ X„|| M ) < c. It remains to use 
Theorem 7.8||35|| about uniqueness of an extension of a measure. 
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2.20. Definition. Let X be a Banach space over K, then a mapping 
/ : X — > C s is called pseudocontinuous, if its restriction f\i is uniformly 
continuous for each K-linear subspace L d X with dim-^L < K . Let T be a 
family of mappings / : Y — > K of a set Y into a field K. We denote by C(Y, T) 
an algebra of subsets of the form Cf lt _j n .E '■= {x G X : (/i(x), f n (x)) G 
S}, where S G Bco(K n ), fj G T. We supply Y with a topology t(Y) which 
is generated by a base (Cf ly __j n] E : fj ET, E is open in K n ). 

2.21. Theorem. Non- Archimedean analog of the Bochner-Kolmogorov 
theorem. Let X be a Banach space over K, X a be its algebraically adjoint 
K.-linear space (that is, of all linear mappings f : X — > K not necessarily 
continuous). A mapping 9 : X a — > C s is a characteristic functional of a 
probability measure \x with values in K s and it is defined on C(X a , X) if and 

only if 9 satisfies Conditions 2.5(3,5) for (X a , r(X a ) and is pseudocontinuous 
on X a . 

Proof. (I). For dim^X = card(a) < K a space X a is isomorphic with 
K a , hence the statement of this theorem for a measure \x with values in 



K s follows from Theorem 9.20 |35j and Theorems 2.6 and 2.13 above, since 
9(0) = 1 and \9{z)\ < 1 for each z. 

(II). Now let a = ujq. It remains to show that the conditions imposed on 
9 are sufficient, because their necessity follows from the modification of §2.5 
(since X has an algebraic embedding into X a ). The space X a is isomorphic 
with K A which is the space of all K-valued functions defined on the Hamel 
basis A in X. Let J be a family of all non- void subsets in A. For each A G J 
there exists a functional 9a '■ K A — > C such that ^(t) = 9(J2 yeA t(y)y) for 
t G K. A . From the conditions imposed on 9 it follows that 9a(0) = 1, 9a is 
uniformly continuous and bounded on K' 4 , moreover, due to 2.5(5) for each 
c > there are n and q > such that for each j > n and z G K" 4 the 
following inequality is satisfied: 

(i) \9 A (z) - 9j(z)\ < cbq, 

moreover, Lj D K A , q is independent from j, c and b. From (I) it follows 
that on Bf(K ) there exists a probability measure \ia such that fiA — 9a- 
The family of measures {fiA '■ A G J} is consistent and bounded, since 
Ha = He ° (-Pe)~\ if A C E, where P$ : K E —> K A are the natural 
projectors. Indeed, this is accomplished due to Conditions (i), 2.5(5) for 
X a and due to Theorem 9.20 131 
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In view of Theorem 2.19 on a cylindrical algebra of the space K A there 
exists the unique measure \i such that ha = H° 1 for each A G J, where 
pA . j^-a _^ j^a are natural projectors. From X a = K A it follows that 
/i is defined on C(X a ,X). For ji on C(X a ,X) there exists its extension on 
Af(X,pi) such that D Sco(X) (see §2.1). 

2.22. For / G L(X, /i, K s ) and K s -valued measure \x let 



for norm-bounded sequence of cylindrical functions g n from L(X, fj,, K s ) con- 
verging to / uniformly on compact subsets of X. Due to the Lebesgue 
converging theorem this limit exists and does not depend on a choice of 



Lemma. A sequence of a weak distribution (/iL n ) of probability Radon 
measures is generated by a K. s -valued probability measure fi on Bco(X) of a 
Banach space X over K if and only if there exists 



where f x G^(x)fi^(dx) := S^({fiL n '■ n}) and 

^(Wn» : = lim„^oo J Ln F n(l£,n)(x) VL n (dx), ^, n (y) := U^l^yi), 
F n is a Fourier transformation by (y 1 ,...,y n ), y = (yj : j G N) 7 y,j G 



K, 7e (y) := C (0s- 2 ^°' ord ^\ C(0 e K S) 7e : K ^ K s; y,£ G K ; 



z/^(K) = l,u^(dy) = r y^( y dy)w(dy) , w : Bco(K) — > K s i/ie i/aar measure; 
here m{n) = dim-K_L n < K , c/(lj n £n) = X = co(u ,K). 

Proof is quite analogous to that of §1.2.30 with the substitution of | f x G^{x)fi if {dx) — 
1| < c/2 for real-valued measures on — 1| < c/2 for K s -valued mea- 

sures. 

2.23. Notes and definitions. Suppose X is a locally convex space 
over a locally compact field K with non-trivial non- Archimedean valuation 
and X* is a topologically adjoint space. For a K s -valued measure fi on X a 
completion of a linear space of characteristic functions {chjj : U G Bco(X)} 
in L(X, /i, K s ) is denoted by B^(X). Then X is called a ifS'-space if on 
X* there exists a topology r such that the continuity of / : X* — > C s with 
|| < 00 is necessary and sufficient for / to be a characteristic functional 
of a tight measure of the finite norm. Such topology is called the fT-Sazonov 
type topology. The class of ifS'-spaces contains all separable locally convex 




{g n ■ n}. 




12 



spaces over K. For example, Z°°(a,K) = co(a,K)*. In particular we also 
write Co(K) := Co(u Q , K) and Z°°(K) := l°°(uo,K), where u Q is the first 
countable ordinal. 

Let n-K_(l°°,c ) denotes the weakest topology on l°° for which all func- 
tionals p x (y) : = sup n \x n y n \ are continuous, where x = J2n x n^n £ c and 
V = UnVn^n £ e n is the standard base in c . Such topology riK^ 00 ,^)) 
is called the normal topology. The induced topology on c is denoted by 
^k(c ,c ). 

2.24. Theorem. Let f : Z°°(K) — > C s be a functional such that 
(i) f(0) = 1 and H/lloo < 1, 

(u) / zs continuous in the normal topology n-K_(l°°, Cq), then f is the char- 
acteristic functional of a probability measure on Co(K). 

Proof. If v is the Haar measure on K n , then on Pco(K n ) it takes values 
in Q. Therefore, Lemma 4.1 [313] is transferable onto the case of K s - valued 



measures, since Q C K s . Therefore, analogously to Equation (4.1) of Lemma 
4.2 El we have 



(i) P{Nk < e, |K|k < e} = z/ -1 (P(K n , 0,p~ m )) / fv(y)ch B(K n >0>p - m) (y) 

for measurable maps Vj : (Q, B, P) — » (K,Pco(K)), where B, P) is a 
probability space for a probability measure P with values in K s on an algebra 
B of subsets of a set Q, fw is a characteristic function of W = (Vi, ...,V n ). 
To continue the proof we need the following statements. 

2.25. Lemma Let f : Co(K) — > C s be a function satisfying the following 
two conditions: 

(i) \f(x)\ < 1 for each x G Co(K), 

(ii) f is continuous at zero in the topology n K (c ,c ), 

then for cache > there exists A(e) G c (K) such that \l — f(x)\ < Px( e )(x) + e 
for each x G c (K). 

Proof. In view of continuity for each e > there exists y(e) G cq such 
that |1 — f(x)\ < e if p y u\ < 1. Put A(e) = ^^-^(e), where 7tk G K is such 
that |7I"k| = P' 1 ■ If x G c is such that p X ( e )(x) < p" 1 , then |1 — < e < 

e + P\(e)(x). If PA(e)(^) > P, then |1 - <2<p< p x{e )(x) + e. 

2.26. Lemma. Let {V n : ri G N} fre a sequence of Y^-valued random 
variables for P with values in K s . If for each (3 > and e > there exists 
iV.eN such that 



l P l{su Pn>JVE |V n |K<0}ll > 1 - e(l + /? ^ 
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then lim n V n = P-a.e. on fi. 

Proof is quite analogous to that of Lemma 4.4 |32| with substitution of 
P on 

2.27. Proposition. Let f : Cq(K) — > C s be a function such that 

(i) /(0) = 1 and \f(x)\ < 1 for each x G c , 

(ii) f(x) is continuous in the normal topology tt-k(co,Co). Then there 
exists a probability measure n on c (K) such that f{x) = fi(x) for each x G c . 

Proof. Consider functions f n (xi, x n ) := f{x\e\ + ... + x n e n ), where 
x = J2j x j e j ^ c o- From Condition (ii) and Proposition 3.1(2) |32] it follows, 



that /(x) is continuous in the norm topology. From Chapters 7,9 it 
follows, that there exists a consistent family of tight measures fi n on K n such 
that fi n (x) = f n {x) for each x G K n . In view of Theorem 2.19 there exists 
a probability space (Q, B, P) with a K s - valued measure P and a sequence of 
random variables {V n } such that /i n (A) = P{u; G : (Vx(uj), Ki(o')) G A} 
for each clopen subset A in K n , consequently, lim n V n = P-a.e. in f2. In 
view of the preceding lemmas we have the following inequality: 

I 1- H-P|(|V«|</3,...,|V„+m|</3)ll - \\PX(e)(yie n + ••• + yme n +m\\L(B(K n ,0,f3- 1 ),u,K B )- 

Since limfcPA(e)(e/c) = 0, then there exists iVGN such that sup fc>7V pA(e)(efe) < 
e, consequently, ||P|{|viv|< J 9,...,|viv +ro ||< ( s}|| > 1 — e(l+/3 _1 ). Due to Lemma 2.34 
IIP {iim n v„=o}|| = 1- Define a measurable mapping W from into c by the 
following formula: W{u) := S n Vn(^)e n for each a; G fi, then we also define a 
measure /u(A) := P{W~ 1 (B)} for each A G Bco(X), hence \i is a probability 
measure on Co- In view of the Lebesgue convergence theorem (see Chapter 7 
| [35|| ) there exists /t(x) = lim n /i n (xiei + ... + x n e n ) = f(x) for each x G c . 

Continuation of the proof of Theorem 2.24. Let / : Z°°(K) — > C s 
satisfies assumption of Theorem 2.24, then by Proposition 2.27 there exists 
a probability measure \i on c (K) such that f{x) = fi(x) for each x G c (K). 

2.28. Theorem. Let /i be a probability measure on co(K), then fi is 
continuous in the normal topology nn(l°°,co) on 

Proof. It is quite analogous to that of 1.2.33 due to Lemma 2.3 and 
Theorem 2.19. 

2.29. Corollary. The normal topology n-K_(l°°, cq) is the K-Sazonov type 
topology on /°°(K). 

2.30. Theorem. Non- Archimedean analog of the Minlos-Sazonov 
theorem. For a separable Banach space X over K the following two condi- 
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tions are equivalent: 

(I) 9 : X — > C s satisfies Conditions 2.5(3,5) and 

for each c > there exists a compact operator S c : X — > X such that \9(y) — 
9(x)\<cfor\z(S c z)\<l; 

(II) 9 is a characteristic functional of a probability Radon measure fi 

on E, where z is an element z G X <^-> X* considered as an element of X* 
under the natural embedding associated with the standard base of cq(ljo,K.) , 
z = x — y, x and y are arbitrary elements of X . 

Proof. (// — > I) . For 9 generated by a K s -valued measure for each r > 
we have |0(O) -9(x)\ = \ f x (l-x e (x(u)))ii(du)\ < \\{l-Xe(x(u)))\ B (x,o,r)\\i* + 
2||/w|(x\_B(x,o,r))||- In view of the Radon property of the space X and Lemma 
1.2.5 for each b > and 5 > there are a finite-dimensional over K subspace 
L in X and a compact subset W C X such that W C L s , ||jt/|(x\w)|| < b, 
hence ||a*|(x\L' 5 ) II < b. 

We consider the expression J(j, I) (see §1.2.35). and the compact operator 
S : X -> X with ej(Sei) = £ jtl t. Then \9(0) - 9(z)\ < c/2 + \z(Sz)\ < 
c for the K s -valued measure, if |^(5 , ^)| < |t|c/2. We choose r such that 
\\l^\(x\B(x,o,r)) || < c/2 with 5* corresponding to {jj : j), where r\ = r, L\ = L, 
then we take t e K with |t|c = 2. 

(/ — > //). Without restriction of generality we may take ^(0) = 1 after 
renormalization of non-trivial 0. In view of Theorem 2.24 as in §2.5 we 
construct using 9(z) a consistent family of finite-dimensional distributions 
{/i£ n : n} all with values in K s . Let m^ n be the K s -valued Haar measure on 
L n which is considered as Qp with a = dimnL n dimQ p K., m(B(L n , 0, 1)) = 1. 
If S c is a compact operator such that \8(y) — 6{x)\ < c for |5(5' c 2;)| < 1, 
z = x-y, then \l-9(x)\ < max(C, 2\x(S c x)\) and ||7£„(z)(l -0(z))\\ mLn < 
max(||7 C ,„(z)|| mLn C,2|(7 5 ,„W)z(^)| mi J < max(C,6||5 c ||/|e| 2 ), 
where b := p x sup^| >r ,(|^| 2 ||7^ n (z)z 2 || min ) < oo for the K s -valued measures. 
Due to the formula of changing variables in integrals (A.7|JB)) the following 
equality is valid: 

|l-||G € (x)|| M J<max(C,6||5 c ||/|e| 2 ) 

for the K s -valued measures. Then taking the limit with |£| — > oo and then 
with c — ► +0 with the help of Lemma 2.22 we get the statement (J — > II). 
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2.31. Definition. Let on a completely regular space X with ind(X) = 
two non-zero K s -valued measures /x and v are given. Then v is called abso- 
lutely continuous relative to /x if there exists / such that u(A) = J A f(x)fj,(dx) 
for each A G Bco(X), where / G L(X, /x, K s ) and it is denoted v <C /x. Mea- 
sures v and /x are singular to each other if there is F G E with ||X \ = 
and \\F\\ U = and it is denoted v J_ /x. If z/ -C /x and /x <C v then they are 
called equivalent, v ~ /x. 

2.32. Definition and note. For /x : E(X) — > K s a sequence [<p n (x) : 
n) C i(/x) is called a martingale if for each x/> G L(/x|U n ): 

(«) / 4>n+i(x)ip(x)fi(dx) = / (j) n {x)ijj(x)n(dx) 
Jx Jx 

such that (0 n : n) is uniformly converging on Af(X, /x)-compact subsets in 
X, where U n is the minimal algebra such that (0j : j = 1, ...,n) C L(/x|U n ), 
/x|U n is a restriction of /x on U n C E(X), X is the Banach space over K. 

In view of §§7.10 and 7.12p5| for ||X|| M < oo the Af{X, /x)-topology on 
compact subspaces X c := [sc G X : N^(x) > c] coincides with the initial 
topology, if /x is defined on E such that Bco(X) C E C Af(X,/i), where 
c> 0. 

2.33. Theorem. If there is a martingale (<f) n : n) for /x with values in 
K s and sup n ||0n||xv„ < °°; ^ en ^ere exzsis lim n ^ oo n (x) =: <f)(x) G L(/x). 

Proof. Let ip{x) be a characteristic function of a clopen subset in X, then 
for each <p n there exists a sequence of simple functions (<jP n : j G N ) such that 
lim^oo || n — 0{||v M = 0. From \\(f) n — 0^||tv m < c and 2.32. (i) it follows that 
| -^ (n) )V'(a;)/x(ci2;)| < c||^||at m for each ip G L(/x), consequently, 

||0„+i - < (n) ||jv mt , < c and there exists lim^^^) = lim^^ 0„ = <\> G 
L(/x) due to the Lebesgue theorem, if (c = c(n) = s~ n : n G N), where for 
each n is chosen j(n) G N, since (0^™^ : n) is a Cauchy sequence in the 
Banach space £(/x) due to the ultrametric inequality. 

3 Quasi-invariant measures. 

In this section after few preliminary statements there are given the defini- 
tion of a quasi-invariant measure and the theorems about quasi-invariance of 
measures relative to transformations of a Banach space X over K. 
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3.1. Let X be a Banach space over K, (L n : n) be a sequence of sub- 
spaces, cl(\J n L n ) = X, L n C L n+ i for each n, /i J be probability measures, 
p 2 <C (J, 1 , {p 3 L ) be sequences of weak distributions, also let there exist deriva- 
tives p n (x) = p? L (dx) I ' p\ n (dx) and the following limit p(x) := lim^oo p n (x) 
exists. 

Theorem. If p° are K. s -valued and [p n (PL n x) : n] converges uniformly 
on A f (X, p 1 )- compact subsets in X, sup n ||p n ||jv 1 < oo, then this is equiv- 
alent to the following: p(x) = p 2 (dx) / p 1 (dx) G L(p l ) and lim^oo \\p(x) — 

Pn (P Ln x)\\ N =0. 

Proof For each A G Bco(L) the equality is accomplished: 



lA( A ) = / PL(x)pl(dx) = / p L (P L x)p l (dx). 

Then for each ip G L(p 1 \P^ 1 [Bco(L)]) we have 

ip(x)p 2 (dx) = / pL(Pi,x)ip(x)p}(dx), consequently, 
x Jx 

where p^ n = p n , ip G L(/i 1 |P £ ^ 1 +i [Sco(L n+1 )]). From Theorem 2.33 and 
Definition 2.31 the statement follows. 

3.2. Theorem. (C4j. Measures pi : E — > K s , j = 1,2, /or a Banach 
space X over K are orthogonal p 1 _L /i 2 and onZy if N fJj i(x)N IJ 2(x) = /or 
eaca x G X. 

(f?,). ///or measures pi : E ^ K s on a Banach space X over K is satisfied 
p(x) = for each x with N fJ i(x) > 0, then p 1 J_ /i 2 ; £ne same zs true /or a 
completely regular space X with ind(X) = and p(x) = p 2 (dx)/ p 1 (dx) = 
for each x with N fl i(x) > 0. 

Proof. (A). From Definition 2.31 it follows that there exists F G E 



with ||X \ -F|Li = and H-F^L 2 = 0. In view of Theorems 7.6 and 7.20|BU 



the characteristic function ch F of the set F belongs to L(p l ) (H L(p 2 ) such 
that N fl j(x) are semi-continuous from above, ||c/ijr||jv" 2 = 0, ||c/ix\iHlw i = 0, 
consequently, N ix i(x)N ij 2m = for each x G X. 

On the other hand, if X„i (x)Xyj (x) = for each x, then for F := [x G X : 
N^(x) = 0] due to Theorem 7.2 ]35| H-FH^ 2 = ||c/if||at 2 = 0- Moreover, in 
view of Theorem 7.6 [0 F = C\n=i U s-*, where U c := fx G X : Xy (x) < c] 
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are open in X, hence dip G L^p 1 ) H L(p 2 ) and N^i\^x\f) = 0, consequently, 

\\x\f\\^ = o. 

(B). In view of Theorem 2.19 for each A G Pf 1 ^^)] and m > n: 
f A p m (x)p l (dx) = p 2 {A), then from lim^oo \\p(x) - p n (P Ln x)\\ N 1 = and 
Conditions 2.1. (i-iii) on p 2 Statement (B) follows. 

3.3. Note. The Radon-Nikodym theorem is not valid for p? with values 
in K s , so not all theorems for real- valued measures may be transferred onto 
this case. Therefore, the definition of absolute continuity of measures was 
changed (see §2.31 and |38|). 

3.4. Theorem. Let measures p? and z/- 7 be with values in K s on Bco(Xj) 
for a Banach space Xj over K and p = p l ®p 2 , v = v x ®v 2 on X = Xi ®X 2 , 
therefore, the statement v -C p. is equivalent to v 1 <C p 1 and v 2 <C p 2 , 
moreover, v(dx)/p(dx) = (^(Pidx)/ p 1 {Pidx)){y 2 {P 2 dx) / p 2 (P 2 dx)), where 
Pj : X — > Xj are projectors. 

Proof follows from Theorem 7.15|]35] and modification of the proof of 



Theorem 5 515 39 



3.5. Theorem. The non- Archimedean analog of the Kakutani 
theorem. Let X = IT^Li Xj be a product of completely regular spaces Xj with 
ind(Xj) = and probability measures p 3 \ v° : E(Xj) — > K s , also let pj <C Vj 
for each j, v = 0°^!^-, p = ®Y=i^i are measures on E(X), Pj(x) = 
Pj(dx)/i , j(dx) are continuous by x G Xj, TVj=i Pj( x j) ='■ t n (x) converges 
uniformly on A f (X, p)- compact subsets in X, (3j := 4>j( x ) '■ = 

N v j(x) on Xj. IfYlJ^xftj converges in (0, oo) (or diverges to 0), then p <C 



v 



and q n (x) = Ylj" = i Pj(xj) converges in L(X, v, K s ) to q(x) = Pj( x j) = 
p(dx) j v[dx) (or p respectively), where Xj G Xj, x G X. 

Proof. The countable additivity of v and p follows from Theorem 2.19. 
Then = < WpjWn^ = = 1, since N u . < 1 for each x G Xj, 

hence YYjLifij can n °t be divergent to oo. If this product diverges to 
then there exists a sequence e b := n™=n(b)flj f° r which the series converges 
E^iCfe < oo, where n(b) < m(b). For A b := [x : (11^(6) pA x j)) - l ] there 

are estimates < sup^^ [n^=n(&) \Pj( x 3)\^j( x j)] — e £" consequently, 

\\A\\ U = for A = limsup(A fe : b — > oo), since < Ylb^i e b < °°- 

For B b := X \ A b we have: \\B b \\^ < [sup xei?6 Y[J=n{ b) \l/ Pj( x j)\4>( x j)} = 

[Uj=r!( b ) llPi^jOIUJ = ft, where ^(x) = Np.(x), since Pj(dxj) = p j (x j )u j (dx j ) 
and N^^x) = \pj(xj)\N Uj (x) due to continuity of Pj(xj) (for Pj(xj) = we 
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set \l/pj(xj)\if)j(xj) = 0, because if)j(xj) = for such Xj), consequently, 
|| limsup(5 & : b -> oo) || M = and \\A\\^ > || lim ia£(A b : b -> oo)|| M = 1. This 
means that jttli/. 

Suppose that lT/li/3j converges to < /3 < oo, then /3 < 1 (see above). 



Therefore from the Lebesgue Theorem 7.F[35| it follows that t n (x) converges 
in L(X, p, K s ), since |£„(a:)| < 1 for each x and n, at the same time each 
t n (x) converges uniformly on compact subsets in the topology generated by 
Af(X,p). Then for each bounded continuous cylindrical function / : X — > 
K s we have 

/ f(x)p(dx) = / f(x x ,...,x n )t n (x) ®? =1 Uj(dxj) = 
lim / f(x)t n (x)u(dx) = / p(x)u(dx). 

n^oo J x J x 

Approximating arbitrary h G L(X, p, K s ) by such / we get the equality 



h(x)p(dx) = / h(x)p(x)u(dx), 
x Jx 

consequently, p(x) = p,(dx)/u(dx). 

3.6. Theorem. Let v, p, Uj, pj be probability measures with values in 
K s; X and Xj be the same as in $3.5 and p, -C v, then pj <C Uj for each j 
and YYjLiPj converges to (3, oo > (3 > 0, where Pj = WpjW^, 4>j( x ) — N v .(x). 

Proof. For K s -valued measures from Pj(Bco(Xj)) C Bco(X) it follows 
that pj <C Uj for each j, since TIi° Pj( x j) — p( x ) £ L(X,u) and Pj(xj) G 
L(Xj,i/j), where Xj = PjX, Pj : X — ► Xj are projectors. Then p(x) = 
Umn^ooUi Pj(Pj x ) and ||p(x)||jv„ = limn-** llpjiv^- Since N v . < 1, then 
<f)j(x) < N v .(x) and for <p = N u , consequently, ||p(a;)||^, = lim^^ n™=i \\Pj\Uj 
— \\p\\n v — 1 (due to the definition of the Tihonov topology in X [see §2.3 [p~T|] ] 
and definition of || * ||^). If \\p\\$ = 0, then \\p\\n„ — and by Theorem 3.2(B) 
this would mean that u _L p or p, — 0, but p ^ 0, hence /3 > 0. 

3.7. Definition. Let X be a Banach space over K, K be a completely 
regular space with ind(X) = 0, u : Bco(Y) — > K s , /i 3 ' : Bco(X) — > K s for 
each i/ G y, suppose /i y (A) G L(Y, z/) for each A G Bco(X), \\Y\\ V < oo, 
sup ygy ||X|| M !/ < oo, a family (p y (A n ) : n) is converging uniformly by y G C 
on each Af(Y, z/)-compact subset C in Y for each given shrinking family of 
subsets (A n : n) C X. Then we define: 



p(A) = / p y (A)v(dy). 



Y 
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A measure p is called mixed. Evidently, Condition 2.1(a) is fulfilled; (ii): 
\A\ il < ( su Pj/6y 11^11^)11^11^ < °°i (iii) i s carried out due to the Lebesgue 
theorem, since lim^oo p(A n ) = J Y (lim n p y (A n ))b / (dy) = 0. We define mea- 
sures by the formula: 

(ii) 7T j {A x C) = [ p j ' y (A)u j (dy), 

where j = 1, 2 and p y, i together with z/ J are defined as above p y and v. 

3.8. Theorem. Let pi be K. s -valued measures and 7r J ; X and Y be the 
same as in §<?. 7. 

(A) . If n 2 < 7T 1 , £/ten z/ 2 < z/ 1 and /i 2>2/ < p}' y (mod v 2 ). 

(B) . If v 2 < z/ 1 and < p}' v (mod v 2 ) and a Bco(X x Y, 7T 1 )- 
measurable function p(y,x) = p 2 ' y (dx) / p 1 ^ (dx) G L(X x Y, 7T 1 ) exists, then 
7r 2 <C 7T 1 and 7T 2 (d(x,y))/n 1 (d(x,y)) = (v 2 (dy) / z/ 1 (dy)) p(y , x) . 

Proof. (A). From the conditions imposed on pP ,y and it follows that 
for each <f> G L(X x Y, tt 7 ) due to Theorem 7.15[]35|| the following equality is 
accomplished 



<p(x,y)n 3 (d(x,y)) = / [/ <f>(x, y)p hy (dx)]v 3 (dy), 

XxY JY JX 

also p(y,x) = ir 2 (d(x,y))/7T l (d(x,y)) G L(X x Y, tc 1 ), hence v 2 (dy) / v 1 (dy) 
= [f x p(y,x)p 1,y (dx)} G L(Y, z/ 1 ). Further we modify the proof of Theorem 
1 §15[]39|. Then p(y,x) may be defined for z/ 2 -almost all y by p(y,x) = 
p(y,x)/f x p(y,x)p 1 > y (dx) G L(X, p}> v ). 

(B). Let A G Sco(X) x BcoiY), A y := [y : (x,y) G A], then vr^A) = 
f Y p j ' y (A y )u j (dy). If ||A|| w i = 0, then \\A y \\^,yN v i(y) = for each y EY, 
consequently, ||-A||^a = 0, since v 2 (dy) / v 1 (dy) G L(v l ), p 2,y (dx)/p l,y (dx) G 
L(p 1,y ), p G L(Xx Y, tt 1 ) and Conditions (i, ii) in §3.7 are satisfied. From this 
it follows that 7T 2 (d(x,y))/ir 1 (d(x,y)) G L(X x Y, tt 1 ), since u 2 (dy) / u 1 (dy) G 
L(X x Y, tt 1 ) with sup^ HXH^,,, < oo. 

3.9. Definition. For a Banach space X over K an element a G I is 
called an admissible shift of a measure p with values in K s , if p a <C //, where 
/i a (A) = /i(S'_ a y4) for each A in 75 D Bco(X), S a A := a + A, p(a,x) : = 
p^(a,x) := p a (dx) / p(dx) , M M := [a G A : /i a <C p] (see §§2.1 and 2.31). 

3.10. Properties of M M and p from §3.9. 

I. The set M M is a semigroup by addition, p(a + b,x) = p(a, x)p(b, x — a) 
for each a, b G M M . 
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Proof. For each continuous bounded / : X — > K s : f x f(x)p a +b(dx) = 
fx f(x+a+b)p(dx) = f x f(x+a)p(b,x)p(dx) = f x f(x)p(b,x—a)p(a,x)p(dx), 
since ||X|| M < oo and f(x)p(b, x— a) G L(p), consequently, p(b,x—a)p(a,x) = 
p(a + b, x) G L(p) clS cL function of x and p a+ t, <C p. 

II. If a £ M M; p(a,x) 7^ (mod p), then p a ~ p, —a G M M and 
p(—a, x) = l/p(a, x — a). 

Proof. For each continuous bounded / : X — > K s : f x f(x)p(dx) = 
Ix f( x )[p( a ^)/p(a,x)]p(dx) = f x [p a (dx)/p(dx)]- 1 p a (dx), since < oo, 

hence p a ~ p. 

III. If v p and v(dx) j ' pidx) = g(x), then M^DM^ = fl [a : : 
g(x) = 0, g(x — a)p ll (a 1 x) ^ 0]) = 0] and p u (a,x) = [g(x — a)/g(x)]p fJi (a,x) 
(mod v) for a <E M^Ci M u . 

Proof. For each continuous bounded function / : X — > K s : a G M M and 
fx f( x + a )v(dx) = f x f(x)g(x — a)p fl (a,x)p(dx) such that p([x : g(x) = 0, 
g(x — a)p^(a,x) 7^ 0]) = we have f x f(x + a)b / (dx) = f x f(x)[g(x — 
a)p tl (a,x)/g(x)]u(dx),since ||^||^H-|| JT^ < oo, N u (x) = mf Bc o(x)dubx sup y6C/ [ 
\g(y)\ N »(y)], consequently, a G M M fl M v . If a G M M n M„, then 

/ f(x)p v (a,x)g(x)p(dx)=l f(x)g(x-a)p fl (a,x)p(dx), 
Jx Jx 

consequently, p u (a,x)g(x) = g(x — a)p fl (a,x) (mod p) and p([x : g(x) = 0, 
g(x - a)p IM (a,x) ^ 0]) = 0. 

IV. Ifu~p, then M v = M M . 

V. For wift values in K s and X = K m , m G N a family M M witt a 
distance function r(a,b) = \\p(a,x) — p(b, x)\\n , x) is a complete pseudoultra- 
metrizable space. 

Proof. Let (a n ) C M M be a Cauchy sequence relative to r, then (a n ) is 
bounded in X by || * ||x , since for lim^oo \\a n , \\ = oo and r(a nj , a nj+1 ) < p~i 
for / G L(p) with a compact support we have \\f(x + a Hj ) — f(x + a ni ) ||jv < 
Then for / with + a ni )||^ > 1/2 and ||/||jv„ = 1 we get a con- 
tradiction: linx, || /(x + at„ > — 1/P — 0- This is impossible because 
of compactness of supp(f). Therefore, (a n ) is bounded, consequently, there 
exists a subsequence (a nj ) =: (bf) weakly converging in X to b G X. There- 
fore, 6^0) = J x x e (2;(x + o i ))Ai(rfx) Xe(z(b j ))6(z) = f x x e (z(x))p(b j , x)p(dx), 
linx, 2;(6j) = z(b) and linx, ^(2;) = Xe(z(b))9(z) for each z G X'. From Theo- 
rem 9.20 |55| it follows that there is p G with linx, \\p(bj,x) — p(x)\\n = 
0, since L(p) is the Banach space and pj corresponding to 8j converges in the 
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Banach space M(X). Therefore, J x Xe(z(x))/ib(dx) = J x Xe(z(x))p(x)/i(dx) 
for each z £ X' = K m , consequently, p(x) = pb(dx) / p(dx) . 

3.11. Definition. For a Banach space X over K and a measure /x : 
Bco(X) — > K s , a £ X, ||a|| = 1, a vector a is called an admissible direction, 
if a £ := [z : \\z\\x — 1, £ M M and p(A2,x) 7^ (mod /x) (relative 
to x) and for each A £ K] C X. Let a £ we denote by L-y := Ka, 
Xi — X Q Li, fj} and /x 1 are the projections of /x onto Li and X x respectively, 
p = p 1 <S> p 1 be a measure on Bco(X), given by the the following equation 

x C) = //(^/^(C) on Bco(Li) x Bco(Xl) and extended on £co(X), 
where A £ Bco(Li) and C £ 5co(Xi). 

3.12. Definition and notes. A measure /x : Bco(X) — > K s for a 
Banach space X over K is called a quasi-invariant measure if M M contains a 
K-linear manifold J M dense in X. 

From §3.10 and Definition 3.11 it follows that J u C 

Let (e^ : j £ N) be orthonormal basis in X, H = sp^ej : j). We 
denote fi(Y) = [p\p is a measure with a finite total variation on Bco(X) and 
H C Jfj], where F = K s . 

3.13. Theorem. If p : Bf(Y) — > F is a a-finite measure on Bco(Y), 
Y is a complete separable ultrametrizable 'K-linear subspace such that co(S) 
is nowhere dense in Y for each compact S C F , where K and F are infinite 
non-discrete non- Archimedean fields with multiplicative ultranorms | * |k and 
I * |f- Then from J^ — Y it follows that p — 0. 

Proof. Since /x is a-finite, then there are (Yj : j £ H) C Bco(Y) such that 
y = U i6H y^- and < ||^|Sco(l^) || < 1 for each j, where H C N, F^ n F = 
for each j 7^ /. If card(H) = K , then we define a function /(x) = sVll^jlU 
for /x with values in F, where s is fixed with 0<|s|f<1,s£ N). Then we 
define a measure = f A f(x)p(dx), A £ £>co(F). Therefore, \\Y\\ U < 1 
and J v = F, since / £ L(Y, /x,F). Hence it is sufficient to consider /x with 
||/x|| < 1 and /x(F) = 1. For each n £ N in view of the Radonian property of 
F there exists a compact X n C F such that ||F\X„|| M < s~ n . In F there is a 
countable everywhere dense subset (xj : j £ N), hence F = U jeN I?(F, Xj, r^) 
for each r\ > 0, where -B(F, x, rj) = [y £ F : d(x, y) < r{\, d is an ultrametric 
in F, i.e. d(x, z) < max(d(x,y), d(y,z)), d(x,z) = d(z,x), d(x,x) = 0, 
d(x, y) > for x 7^ y for each x,y,z £ F. Therefore, for each r ; = 1//, / £ N 
there exists fc(Z) £ N such that ||F \ X n ^|| M < s—n — I due to compactness 
of F c = [y £ F : iV M (y) > c] for each c > 0, where X n ^ := U*S £(F,Xj,n), 
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consequently, \\Y \ X n \\n < s~ n for X n := fl/^i^n,/- The subsets X n are 
compact, since X n are closed in Y and the metric d on X n is completely 
bounded and Y is complete (see Theorems 3.1.2 and 4.3.29 []TTJ ) . Then 
0< ||X||^<lfor ||y\X||^ = OandforX:=^(U~ =1 X n ). 

The sets Y n = co{Y n ) are nowhere dense in Y for Y n = UILiX, conse- 
quently, spnY n are nowhere dense in Y. Moreover, (Y\\J™ =1 Y n ) ^ is dense 
in Y due to the Baire category theorem (see 3.9.3 and 4.3.26 Therefore, 
y + X C Y\X for y G Y\X and from J /t = Y it follows that ||X||^ = 0, since 
\\y + X\\n = (see §§2.32 and 3.12 above). Hence we get the contradiction, 
consequently, \i = 0. 

3.14. Corollary. If Y is a Banach space or a complete countably- 
ultranormable infinite- dimensional over K space, \i : BcoiY) — > K S; K and 
F are tne same as m $3.13 and J M = K ; then fi = 0. 

Proof. The space K is evidently complete and ultrametrizable, since its 
topology is given by a countable family of ultranorms. Moreover, co(S) is 
nowhere dense in Y for each compact S in Y, since co(S) = cl(Sbc) is compact 
in Y and does not contain in itself any open subset in Y due to §(5.7.5) in 



3.15. Theorem. Let X be a separable Banach space over a locally 
compact infinite field K with a nontrivial valuation such that either K D Q p 
or char(K) = p > 0. Then there are probability measures fi on X with values 
in K s (s 7^ p) such that \x are quasi-invariant relative to a dense ~K-linear 
subspace J M . 

Proof. Let S(j, n) := p j B(K, 0, 1) \ p> +1 B(K, 0, 1) for j E Z and j < n, 
S(n,n) := p n B(K,0, 1), w' be the Haar measure on K considered as the 



additive group (see [16, [35]) with values in K s for s ^ p. Then for each c > 
and n G N there are measures m on Bf(K) such that m(dx) = f(x)v(dx), 
| /(x) |> for each x G K and | m(p n i?(K, 0, 1)) — 1 |< c, m(K) = 1, 
| m | (-E) < 1 for each E G 5co(K) , where t> = u(S(K, 0,1)) = 1. 
Moreover, we can choose / such that a density m a (dx)/m(dx) =: d(m;a,x) 
be continuous by (a, sc) G K 2 and for each c' > 0, x and | a \< p~ n : 
| d(m;a,x) — 1 |< d . Let /|5(j, n ) := a(j,n) be locally constant, for example, 
a(j,n) = (1 — s)(l — \jp)s 2n ~ x ~ip~ n for j < n, a(n,n) = (1 — s~ n )p~". Then 
taking f + h and using h(x) with < sup x \h(x)/ f(x)\ = c" < l/s n we get 
| y a (dx)/y(dx) \ = \ m a (dx) / m(dx) |, where y(dx) = (/ + h)(x)m(dx). 

Let {m(j;a'x)} be a family of measures on K with the corresponding 
sequence {/c(j)} such that k(j) < k(j + 1) for each j and lim^oo k(i) = 
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oo, where m(j;dx) corresponds to the partition [S(i, k(j))}. The Banach 
space X is isomorphic with co(u;o,K) p5| . It has the orthonormal basis 
{ej : j = 1,2,...} and the projectors PjX = (x(l), x(j)) onto K^, where 
x = x(l)ei+x(2)e 2 + .... Then there exists a cylindrical measure fi generated 
by a consistent family of measures y(j, B) = b(j, E) for B = Pf x E and E G 
Bf(W) §1 whexeb(j,dz) = ®[m(j;dz(t)) : i = l,...,j],z= (z(l), z(j)). 
Let L := L(t, t(l), t(l); I) := {x : x G X and | x(i) \< p a ,a = -t - 
t(i) for i = 1, /, and a = —k(j) for j > /}, then L is compact in X, since 
X is Lindelof and L is sequentially compact [11|. Therefore, for each c > 



there exists L such that \\X \ < c due to the choice of a(j, n). 

In view of the Prohorov theorem for measures with values in K s 7.6 (ii) |]35| 
and due to Lemma 2.3 /i has the countably-additive extension on Bf(X), 
consequently, also on the complete cr-field Af(X,/j) and \i is the Radon 
measure. 

Let z' G sp K {ej : j = 1,2,...} and z n = {z{j) : z(j) = for j < 
I and z(j) G S(n, n), j — 1, 2, n = fc(j)}, l6N,z = z' + z". Now take the 
restriction of /i on Bco(X). In view of Theorems 2.19, 3.5 above and also 
1.1.4, II.4.l|3^] there are m(j;dz(j) such that p^(z,x) = Y\{d(j] z(j), x(j)) : 
j = 1,2,...} = fi z (dx) / n(dx) G L((X, //, Bco(X)), K s ) for each such z and 
x G X, where *, *) = d(m(j; *), *, *) and H Z {X) = M^O = 1- 

3.16. Note. For a given m — w' (see above) new suitable measures may 
be constructed, if to use images of measures m 9 (E) = mig- 1 ^)) such that 
for a diffeomorphism g G Diff l (K) (see §A.3) we have m 9 (dx)/m(dx) =\ 
(5 ,/ (5 ,_1 ( x )) Ik, where | * |k = modn(*) is the modular function of the field 
K associated with the Haar meassure on K, at the same time | * | K is the 
multiplicative norm in K consistent with its uniformity |j45 |. Indeed, for K 



and X = K J with j G N and the Haar measure v — w' on X, vx '■— v 
with values in K s for s ^ p and for a function / G L(X, v, K s ) we have: 
I g (A) f(x)v(dx) = f A f(g(y))\g'(y)\KV(dy), where mod K (X)v(dx) := v(Xdx), 
A G K, since v(B(X, 0,p n )) G Q, N v (x) = 1 for each x G X, consequently, 
from fk — > / in L(p(A), u, K s ) whilst — > cxo it follows that fk{g{x)) — > 
f(g(x)) in L(A, t>, K s ), where fk are locally constant, A is compact and open 
in X. 

Henceforward, quasi-invariant measure \i on Bco(c (uj , K)) constructed 
with the help of projective limits or sequences of weak distributions of prob- 
ability measures {^H(n) '■ n ) are considered, for example, as in Theorem 3.15 
such that 
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(i) PH(n)(dx) = fH(n)( x ) v H(n)(dx), dim-^H (n) = m{n) < K for each n G 
N, where / H(n) G L{H{n),VH(n), K s ), #(n) C #(n + 1) C cZ(U„#(n) = 
Co(o;o,K), if it is not specified in another manner. 

For probability quasi-invaraitn measure with values in K s , if shifts x \— > 
x +y by y G are continuous from H(n) to M(H(n)) (see §2.1), that is, 

V > where p H {n){v + A) =: /^ (n) (A) for A G Bco(H(n)), then due to 

Theorem 8.9 |H| /Xij-( n ) satisfies (i). 

As will be seen below such measures p are quasi-invariant relative to fam- 
ilies of the cardinality c = card(R) of linear and non-linear transformations 
U : X — > X. Moreover, for each open in X we have || V||^ > 0, when 
fH(n){x) 7^ for each n G N and x G H(n). 

Let /i be a probability quasi-invariant measure satisfying (i) and (ej : j) 
be orthonormal basis in M M , := spK:( e i> e n), we denote by 

Pn(a,x) = p(a,x) = lim^oo p n (P n a,P n x), 

p n (P n a,P n x) := f H (n){Pn{x - a))/ f H{ n){P n x) for each a and x for which 
this limit exists and p(a, x) = in the contrary case, where P n : X —>■ H{n) 
are chosen consistent projectors. Let p(a,x) = p(a,x), if p a (X) = p(X) and 
p(a,x) G L(X, /i, K s ) as a function by a; and ||X||jv„ = 1, where u{dx) : = 
p(a,x)p(dx), p(a,x) is not defined when p a (X) = p(X) or ||X||jv w ^ 1, this 
condition of the equality to 1 may be satisfied, for example, for continuous 
/ff(n) with continuous p(a,x) G £(//) by x for each given a, if lim n p n (a,x) 
converges uniformly by x. If for some another basis (e 3 - : j) and p is accom- 
plished 

(ii) ||X \ jS'H^ = 0, then p(a, x) is called regularly dependent from a basis, 
where S := HoeM^ : = p(a,x)]). 

3.17. Lemma. Let p be a probability measure, p : Bco(X) — > K S; 
X be a Banach space over K, suppose that for each basis (e, : j) m M M a 
quasi-invariance factor p satisfies the following conditions: 

(1) if p(aj,x), j = 1,...,N, are defined for a given x G X and for each 
Xj G K £/ien a function p(J2]=i ^ 

continuous by Xj, j = 1, X; 

(2) t/iere exists an increasing sequence of sub spaces H{n) C M^, c/(U n -f^(n)) 
X, u>zi/i projectors P n : X — > H{n), B G Bf(X), \\B\ln = swc/i 
lim n _ +00 p(P n a, x) = p(a, x) for each a G M M and x B for which is defined 
p(a,x). Then p(a,x) depends regularly from the basis. 

Proof. There exists a subset S dense in each H(n), hence = for 

B' = \J ae sl x '■ p( a J x ) P~(. a , x )}- From (1) it follows that p(a,x) = p(a,x) on 
each H{n) for x B'. From spj^S D H(n) and (2) it follows that p(a, x) = 
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p(a,x) for each a G M M and x G X \ (B' U B), consequently, Condition 
3. 16. (ii) is satisfied, since from p(a,x) G L(p) it follows that p(a,x) G L(p) 
as the function by x. 

3.18. Lemma. If a probability quasi-invariant measure p : Bco(X) — > 
K s satisfies Condition 3.16.(i), then there exists a compact operator T : X — > 
X such that C (TJf)~ ; where X is the Banach space over K. 

Proof. Products of dense measures are dense measures due to The- 



orem 7.28[|3~5|, whence for pH(n)(dx) = (S>j=i p-K e (j)(dxj) is accomplished 

N m(n)( x ) = Ilji? N ^ K eU)( x j)> where x = (x 1: ..,x m(n) ), Xj G K. From The- 
orem 7.6[^] and Lemma 1.2.5 it follows that for each 1 > c > there are 
Rj = Rj(c) with [xj : N^^Jxj) > c] C B(K,0, Rj) and lmi ? -^ 00 i?j = 0. 
Choosing c = c{n) = s~ n , n G N and using TYjLi — e j — whilst < < 
c < 1 for each j we get that there exists a sequence [rj : j] for which card[j : 
l a il > r j] < f° r each a G M M , since [x G X : \xj\ < Tj for all j] is a 
compact subgroup in X, where a = (a,j : j), a, G K, rj > 0, linij = 0. 
Therefore, M M C (TX)~ for T = diag(Tj : j) and > rj for j G N. 

3.19. Let X be a Banach space over K, | * |k = modj^(*), U : X —>■ X 
be an invertible linear operator, p : £>co(X) — ► K s be a probability quasi- 
invariant measure. 

The uniform convergence of a (transfmite) sequence of functions on Af(V, v) 
compact subsets of a topological space V is called the Egorov condition, 
where v is a measure on V. 

Theorem. Let pairs (x — Ux,x) and (x — £/ -1 ,x) be in dom(p(a,x)), 
where dom(f) denotes a domain of a function f , p(x — Ux,x) ^ 0, p(x — 
U~ 1 x,x) ^ (mod p) and p satisfies Condition 3.16.(i), also p(P n (x — 
Ux),x) =: p n (x) G L(p) and p(P n (x — U^x^x) =: p n (x) G L(p) converge 
uniformly on A f (X, p)- compact subsets in X such that there exists g G L(p) 
with \p n (x)\ < \g(x)\ and \p n (x)\ < \g(x)\ for each x G X and each projectors 
P n X -> H(n) with cl({j n H(n)) = X, H(n) C H(n+1) C that is, Egorov 
conditions are satisfied for p n and p n . Then v ~ p and 

(i) u(dx)/p(dx) = \det(U)\icp(x — U~ x, x), 

if p depends regularly from the base, then p may be substituted by p in formula 
(i), where u(A) := p(U~ 1 A) for each A G Bco(X). 

Proof. In view of Lemma 3.18 there exists a compact operator T : 
X — > X such that M M C (TX)~, consequently, (U — I) is a compact oper- 
ator, where / is the identity operator. From the invertibility of U it follows 
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that (U 1 — I) is also compact, moreover, there exists det(U) G K. Let g 
be a continuous bounded function, g : H(n) — > K s , whence J x <p(x)v(dx) 

= Ih(u) ffW[/ff(«)(^^)/ fH(n)( X )\\ det ( U n)\K^H in )(dx), for <j>(x) = g(P n x), 

where subspaces exist such that H(n) C X, (U^ 1 — I)H(n) C H(n), cl(\J n H(n)) = 
X, U n := r n (U), r n = P n : X -> H(n) (see §§1.3.8 and II.3.16), H(n) C 
+ 1) C ... due to compactness of (U — I). In view of the Lebesgue 
theorem due to fulfillment of the Egorov conditions for p n and p n , see §7.6 
or §7.F J m = J m , p , since p(x — U~ l x,x) G £(/i), where J m : = 
J x g(P m x)v(dx) and J m , p := J x g(P m x)p(x - U~ 1 x,x)\det(U)\ K p(dx). In- 
deed, there exists n such that \u(i,j) — dij\ < l/p for each % and j > 
n , consequently, \det(U n )\j£ = \det(U)\-K for each n > n . Then due to 
Condition 3.16. (i) and the Egorov conditions (see also §3.3) there exists 
\im n ^ 00 [pf I ^ n - ) ( y dP n x)/h , f I ^(dP n x)} = p(dx) /u(dx) (mod u). Further anal- 
ogously to the proofs of Theorems 1 and 2 §25p9|. 

3.20. Let X be a Banach space over K, | * |k = modni*) with a prob- 
ability quasi-invariant measure /i : Bco(X) — > K s and Condition 3. 16. (i) be 
satisfied, also let U fulfils the following conditions: 

(z) U(x) and U~\x) G C 1 (X,X)(see^I.A.3); 

(ii) (U'(x) — I) is compact for each iGl; 

(Hi) (x — U~ (x)) and (x — U(x)) G J M for \i — a.e. x G X\ 

(iv) for p-a.e. x pairs (x — U(x); x) and (x — U~ l (x)\ x) 

are contained in a domain of p(z,x) such that p(x — £/ _1 (x),x) 7^ 0, p(x — 
U(x) , x) 7^ (mod /i); 

(«) = 0, 

where 5" := ([x : p(^, x) is defined and continuous by z G L]) for each finite- 
dimensional Lc/,,; 

(fz) there exists S with 1 1 *S 1 1 M = and for each 

x G X\S and for each z for which there exists p(z, x) satisfying the following 
condition: lim^oo p(P n z, x) = p(z, x) and the convergence is uniform for 
each finite-dimensional L C J M by z in L R [x G J M : | x |< c], where c > 0, 
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P n : X — > iJ(n) are projectors onto finite-dimensional subspaces H(n) over 
K such that H(n) C H(n + 1) for each n G N and cZ U {H(n) : n} = X; 

(vii) there exists n for which for all j > n and rr G X mappings 

V(j, x) := x + Pj(U~ 1 (x) — x) and [/ (j, x) := rr + -P,-(f7 (x) — x) are invertible 
and lim.j- | det U'(j, x) \—\ detU'(x) |, linx, | detV'(j,x) \— 1/ | detU'(x) \ 
with the Egorov convergence in (vi) by z for p(P n z, x) and in (vii) by x for 
\det(U'(j, x))\ and |de£(y(j, x))\ for /i with values in K s . 

Theorem. The measure v(A) := fi(U~ 1 (A)) is equivalent to fi and 

(i) v{dx)/n{dx) =| detU'(U-\x)) | K p(x - U~\x), x). 

Proof. The beginning of the proof is analogous to that of §1.3.25. Due to 
Conditions (vi, vii) we get lim n p(x—V~ 1 x, x) = p(x—U{ 1 x, x) in L{p) due to 
the Egorov conditions. Then J\ = J\ tP due to the Lebesgue convergence theo- 
rem, where J\ = J x f(Uix)p(dx), J^ p := J x f(x)p(x — Z7f 1 x, x)\detUi\-Kp(dx) 
for continuous bounded function / : X — > K s . Analogously for C/f 1 instead 
of Ui. Using instead of / the function ^(U^x) := f(x)p^(x — U^x, x) 
and Properties 3.10 we get that Pn(Uix — x,Uix)pfj,(x — U±x,x) = 1 (mod 
p). Therefore, for U = U-JJ2 with diagonal U\ and upper triangular Z7 2 
and lower triangular U% operators with finite-dimensional over K subspaces 
(Uj — I)X, j = 1, 2, 3, the following equation is accomplished J x f(Ux)p(dx) 
= Jxf( x )Pn( x ~ U~ l x,x)\detU\^p{dx). If {S^U — I)X — L [or (U^S - 
I)X = L], then from the decomposition given in (I) U = SU2U1II3, we have 
(Uj — I)X = L, [or (U^ 1 — I)X = L respectively], j = 1, 2, 3 due to formulas 
from §I.A.l, since corresponding non-major minors are equal to zero. 

If U is an arbitrary linear operator satisfying the conditions of this the- 
orem, then from (iv-vi) and (I, II) for each continuous bounded function 
/ : X — > K s we have J = J p , where J := f x f(U(x))p(dx) and J p : = 
Ix f(x)p p (x—U^ l (x) 1 x)\detU\vip(dx). Analogously for U" 1 , moreover, p(x— 
U^ 1 (x), x)\detU\n =: h(x) G L(p), h(x) 7^ (mod p), since there exists detU. 

Suppose U is polygonal (see §1.3.25). Then U~ l is also polygonal, U'(x) = 
V(j) for x G Y(j) and f x f(a(i) + V[i)x)p(dx) = J f(a(i) + x)p p (x - 
V _1 (i)a;, x) x\det(V (i))\vip(dx) for each continuous bounded / : X — > K s 
and each i. From a(j) G M p and §3.10 we get J x f(a(j) + V (j)x)p(dx) 
= J x f(x)p(x - V(j)-\x - a(j)),x)\detV(j)\ K p(dx). Let H kJ := [x G X : 
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V(k)~ 1 x = V(j)~ 1 x], assume without loss of generality that V(k) 7^ V(j) 
or a(k) 7^ a(j) for each k 7^ j, since Y(k) 7^ Y(j) (otherwise they may be 
united). Therefore, H k j 7^ X. If \\H k > 0, then from X Q H k j D K it 
follows that C H k j, but cl(H k j) = H k j and c/(M M ) = X. This contra- 
diction means that \\A\\^ = 0, where A — [x : V(k)~ 1 (x — a(k)) = V (j) -1 (x — 
a(j))}. Then J x f(U(x))/j,(dx) = J x f(x)p(x — U~ 1 (x),x) \detU'(x)\^fj,(dx). 

Then as in §1.3.25. (V) for the construction of the sequence {U(j, *) : j} it 
is sufficient to construct a sequence of polygonal functions {a(i, j; x)}, that is 
a(i,j;x) = l k (i,j)(x) + a k for x G Y(k), where l k (i,j) are linear functionals, 
a k G K, Y(k) are closed in X, Int(Y(j)) n Int(Y(k)) = for each k 7^ j, 
\J£ =1 Y(k) = X, m < K . For each c > there exists V c C X with ||X \ 
V c \\ < c, the functions s(i,j;x) and (i )1 s(i,j; *))(#, e(fc), t) are equiuniformly 
continuous (by x £ V c and by i, j, k G N) on V^. Choosing c = c(n) = s~ n 
and using 5-nets in V c we get a sequence of polygonal mappings (W n : n) 
converging by its matrix elements by Egorov in the Banach space L(X, /x, K s ), 
from Condition (i) it follows that it may be chosen equicontinuous for matrix 
elements s(i,j;x), ds(i,j;x) and s(i,Pjx) by i,j (the same is true for U^ 1 ). 

Then calculating integrals as above for W n with functions /, using the 
Lebesgue convergence theorem we get the equalities analogous to written in 
§1.3.25.(111) for J and J p of the general form. From v(dx) / fj,(dx) 7^ (mod 
/x) and §2.19 we get the statement of the theorem. 

3.21. Examples. Let X be a Banach space over the field K with 
the valuation group Tk = Tq p . We consider a diagonal compact operator 
T = diagitj : j G N) in a fixed orthonormal basis (e^ : j) in X such that 
kerT := T _1 = {0}. Let i/^dxj) = C\i j )s- q ™ n ^ d ^- x ^ )) v{dx j ) for 
the Haar measure v : Bco(K) — > Q s , then i/(i?/(K)) C C s . We choose 
constant functions C'(£j) such that z/j be a probability measure, where x° = 
(x° : j) eX,x= (Xj : j) G X, Xj G K. 

With the help of products iA(dxj) as in §3.15 we can construct a prob- 
ability quasi-invariant measure /z on X with values in C s , since cl(TX) is 
compact in X and spn(ej : j) =: H C J M . From riAeB(K,o,i)\o cl(\TX) = {0} 
we may infer that for each c > there exists a compact V C (A) C X such that 
||X\\/ C (A)|| M < c and Ha^o K(A) = {0}, consequently, lim^^o Jx f (x) /j, xt (dx) = 
/(0) = 5 (/), hence /x AT is weakly converging to S whilst |A| — > for the 
space of bounded continuous functions / : X — > C s . 

From Theorem 3.6 we conclude that from X^li < 00 it follows 
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y G J^t. Then for a linear transformation U : X — > X from Ylj \&j{ x ~ 
U(x))/£j\% < oo it follows that x — U(x) G J M and a pair (x — U(x),x) G 
dom(p(a, z)). Moreover, for p corresponding to p T conditions (v) and (vi) 
in §3.20 are satisfied. Therefore, for such y and S G Af(X,p) a quantity 
\p(ty + S) — p(S)\ is of order of smallness \t\ q whilst t — > 0, hence they are 
pseudo-differentiable of order b for < Re(b) < q (see also §4 below). 

It is interesting also to discuss a way of solution of one problem formulated 
in |2(J that there does not exist a cr-additive Q p -valued measure with values 
in X over Q p such that it would be an analog of the classical Gaussian 
measure. In the clasical case this means in particular a quasi-invariance of a 
measure relative to shifts on vectors from a dense subspace. We will show, 
that on a Banach space X over K D Q p for each prime number p there 
is not a a-additive /i ^ with values in K p such that it is quasi-invariant 
relative to shifts from a dense subspace. Details can be lightly extracted 
from the results given above. Let on (X, Bco(X)) there exists such p. With 
the help of suitable compact operators a cylindrical measure on an algebra 
of cylindrical subsets of X generates quasi-invariant measures, so we can 
suppose that p is quasi- invariant. Then it produces a sequence of a finite- 
dimensional distribution {pl„ '■ n G N} analogously to §2 and §3, where 
L n are subspaces of X with dimensions over K equal to n. Each measure 
Pl h is cr-additive. From the quasi-invariance of p it follows, that L n can be 
chosen such that pi n are quasi- invariant relative to the entire L n . But in 



view of Chapters 7-9 |$5| and [Jjfj for measures with values in K p (see also 
Proposition 11 from § VII. 1.9 ||) this means that pi n is equivalent to the 
Haar measure on L n with values in K p . The space L n as the additive group 
can be considered over Q p , moreover, for each continuous linear functional 
(f) : K p — > Q p considered as the finite-dimensional Banach space over Q p 
the measure <fi o pl„{*) is non-trivial for some <fi. Consequently, on L n there 
would be the Haar measure with values in Q p , but this is impossible due to 



Chapter 9 in |55fl , since L n is not the p-free group. We get the contradiction, 
that is, such p does not exist. 

4 Pseudo-differentiable measures. 

4.1. Definition. A function / : K — > A s is called pseudo-differentiable 
of order b, if there exists the following integral: PD(b, f(x)) := Jk[(/( x ) ~ 
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f(y)) x 9( x ,y,b)]dv(y). We introduce the following notation PD c (b, f(x)) 
for such integral by £>(K,0,1) instead of the entire K. Where g(x,y,b) : = 
s (-i-b)xord p (x-y) w }th the corresponding Haar measure v with values in K s , 
where b E C s and |x|k = p~ ord p( x \ C p denotes the field of complex numbers 
with the non- Archimedean valuation extending that of Q p , p~ ord p^ : = |£|k, 
A p is a spherically complete field with a valuation group {\x\ : 7^ x E 



A p } = (0, 00) C R such that C p C A p g, ||, ||, @5 . 

A quasi-invariant measure /i on X is called pseudo-differentiable for b E 
C s , if there exists PD(b, g(x)) for g(x) := p[—xz + S") for each S" G Bco(X) 
\\S\\fj, < 00 and each z G J^, where is a K-linear subspace dense in A. For 
a fixed z G X such measure is called pseudo-differentiable along z. 

For a one-parameter subfamily of operators B(K, 0, 1) 3 1 1— > C/t : X — > X 
quasi- invariant measure /i is called pseudo-differentiable for 6 G C s , if for each 
S the same as above there exists PD c (b, g(t)) for a function := /i(t/^ 1 (5'), 
where A may be also a topological group G with a measure quasi-invariant 



relative to a dense subgroup G' (see |23|, 24, 



4.2. Let /i, A, and p be the same as in Theorem 3.15 and F be a non- 
Archimedean Fourier transform defined in [[H], [35fl. 

Theorems. (1) g(t) := p(z + tw,x)j(t) G L(K,t>,K s ) =: V for jj, and 
the Haar measure v with values in K S; where z and w G J^, i 6 K, j(t) is 
the characteristic function of a compact subset W C K. In general, may be 
k{t) := p(z + tw,x) £ V. 

(2) Let g(t) = p(z+tw,x)j(t) with clopen subsets W in K. Then there are 
p, for which there exists PD(b, g(t)) for each b G C s . If g(t) = p(z + tw,x), 
then there are probability measures pi, for which there exists PD(b, g(t)) for 
each b G C s with < Re(b) or b = 0. 

(3) Let S G Af(X,y), \\S\\^ < 00, then for each b E U :={&': Re V > 
or b' = 0} there is a pseudo-differentiable quasi-invariant measure p . 

Proof. We consider the following additive compact subg roup Gj' \ — 
{x E A|||x(j)|| < p k{ - j) for each j E N} in A, where T = diag{d(j) E K : 
\d(j)\ = p~~ k v) for each j E N} is a compact diagonal operator. Then p from 
Theorem 3.15 is quasi-invariant relative to the following additive subgroup 
St '■= Gt + H, where H := sp-K_{e(j) : j E N}. The rest of the proof is 
analogous to that of §1.4.2. 

4.3. Let A be a Banach space over K, b E R or b = +00 and suppose 
that the following conditions are satisfied: 

(1) T : A —>■ X is a compact operator with ker(T) = {0}; 
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(2) a mapping F from B(K,0, 1) to C T {X) := {U : U G C 1 ^, X) and 
(U'(x) — I) is a compact operator for each x£l, there is f/" 1 satisfying the 
same conditions as U} is given; 

(3) F(t) = U t (x) and & l U t (x + h,x) are continuous by t, that is, F G 

(4) there is c > such that ||£/t(x) — < ||T:r|| for each x E X and 
|i — s\ < c; 

(5) for each R > there is a finite-dimensional over K subspace H C X 
and c' > such that \\U t (x) - U s (x)\\ < \\Tx\\/R for each x E X Q H and 
|i — s\ < d with (3 — 5) satisfying also for Uf 1 . 

Theorem. On X there are probability quasi-invariant measures fi which 
are pseudo-differentiable for each b G C s with R 3 Re(b) < b relative to a 
family U t , where fi are with values in K s . 

Proof. From Conditions (2,3) it follows that there is c > such that 
\det(U' t {x)) \ = \det(U' s (x))\ in L(/a) by x G X and all \t — s\ < c, where quasi- 
invariant and pseudo-differentiable measures fi on X relative to St may be 
constructed as in the proof of Theorems 3.15 and 4.2. The final part of the 
proof is analogous to that of §1.4.3. 

4.4. Let X be a Banach space over K, /i be a probability quasi-invariant 
measure /i : Bco(X) — > K s , that is pseudo-differentiable for a given b with 
Re(b) > 0, Cb(X) be a space of continuous bounded functions / : X — > K s 



Theorem. For each a G and f G C(,(X) is defined the following 
integral: 



and there exists a measure v : Bco(X) — > C s with a bounded variation (for 
b G R this v is a mapping from from Bco(X) into K s such that 



where v is the Haar measure on K with values in Q S; moreover, v is inde- 
pendent from f and may be dependent on a G J M . We denote v =: D h a \x. 
Proof. From Definition 4.1 and the Lebesgue theorem it follows that 



there exists lim^^ J K \ B (K,o, P -j)[Jx(f( x + Xa ) ~ f( x ))g(\ °, b)/i(dx)}v(dX) = 
1(f), that is (i) exists. Let (in) lj(V, f) := / K \B(K ) o >P -i)[/v f( x )(^(-^ a + 



with ll/H := sup xeX \f(x)\. 



H) Kf) = I [[ f(x)[pi(-\a + dx) - pi(dx)}g(\,0,b)v(d\) 
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dx) — fi(dx))g(\,0,b)]v(d\), where V G Bco(X). Then due to construction 
of §3.15 for each c > there exists a compact V c C X with \\X\ V c \\ Ux < c for 
each |A| > 0, where u x (A) := J K \ B (K,o,\x\)H-^ a + A ) -n(A)\g{\', 0, b)v(dX') 
for A G Bco(X). The rest of the proof is analogous to that of §1.4.4. 

4.5. Theorem. Let X be a Banach space over K 7 | * | = mod^*) with 
a probability quasi-invariant measure \x : Bco(X) — > K s and it is satisfied 
Condition 3. 16. (i) , suppose /i is pseudo-differentiable and 

(viii) Jbfj, C T"J M; (Ut : t G B(K,0, 1)) a one-parameter family of 
operators such that Conditions 3.20(i — vii) are satisfied with the substitution 
of J M onto Jj uniformly by t G £(K, 0, 1), J M D T'X, where T', T" : X -> X 
are compact operators, ker(T') = ker(T") = 0. Moreover, suppose that there 
are sequences 

(ix) [k(i,j)\ and[k'(i,j)] withij G N, lim^^o fc(i, j) = lim^+^oo j) = 
-oo and n G N snc/i £/ia£ |T"'jj - < \T^ - 5ij\p k ^' j \ \U i:j - S i:j \ < 

\ T "i,J ~ kj\P k ' (l ' j) ™ d \(U-\j ~ 5ij\ < \T" id -8ij\pPM for each i+j>n, 
where U it j = e^Uie^), (e 3 - : j) is orthonormal basis in X. Then for each 
f G Cf,(X) is defined 

(0 Kf) = I \l f(xMUf\dx)) - iM(dx)]g(t,0,b)v(dt) 
Jb(k,o,i) Jx 

and there exists a measure v : Bco(X) — > C s with a bounded total variation 
[particularly, for b G R it is such that v : Bco(X) — > K s ] and 

(it) 1(f) = [ f(x)u(dx), 

where v is independent from f and may be dependent on (U t : t), v =: D h Ut jj,. 

Proof. From the proof of Theorem 3.20 it follows that there exists a se- 
quence U^ of polygonal operators converging uniformly by t G B(K, 0, 1) to 
Ut and equicontinuously by indices of matrix elements in Then there ex- 

ists lim^ lim^oo J b(k ,o,i)\b(k,o,p^ Ux /(^(x))- f(x)]g(t, 0, b)n{dx)]v{dt) 
for each / G Cb(X). From conditions (viii, ix), the Fubini and Lebesgue theo- 
rems it follows that for v x ■= /B(K 1 o,i)\B(K,o 1 |A|)[A 1 ( c/ r 1 (^))-A*(^)]^ (*, °> b)v(dt) 
for A G Bco(X) for each c > there exists a compact V c G X and <5 > 
such that \\X \ V c \\ < c. Indeed, V c and 8 > may be chosen due to pseudo- 
differentiability of fi, §§2.30, 3.18, Formula (i), 3.16.(i) and due to continuity 
and boundednessy (on B(K, 0, 1) 3 t) of \det Uj : (Uf 1 )(x))\ K satisfying the 
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following conditions Uf 1 ^) C V c and \\(X \ V c ) A (Uf^X \ V c ))\\^ = 
for each \t\ < 5, since V c — Y(j) n V c are compact for every j. Repeating 
proofs 3.20 and 4.4 with the use of Lemma 1.2.5 for the family (U t : t) we get 
formulas (i, ii). 

5 Convergence of quasi- invariant and pseudo- 
different iable measures. 

5.1. Definitions, notes and notations. Let S be a normal topological 
group with the small inductive dimension ind(S) = 0, S' be a dense sub- 
group, suppose their topologies are r and t' correspondingly, r' D t\s>- Let 
G be an additive Hausdorff left-i?-module, where R is a topological ring, 
R D Bco(S) be a a ring R D Bco(S) for K s - valued measures, M(R,G) be a 
family of measures with values in G, L(R,G, R) be a family of quasi-invariant 
measure p : R — > G with p^(g, x) x p(dx) := p 9 (c&r) =: p(gdx), Rx G — > G 
be a continuous left action of i? on G such that p^(gh, x) = Pn(g, hx)p^(h, x) 
for each g,h <E S' and x & S. Particularly, 1 = p M (g, g~ 1 x)p fl (g~~ 1 ,x), that 
is, p/j,(g,x) G i? , where i? G is a multiplicative subgroup of R. Moreover, 
zy G L for z 6 i? with p z ^(g,x) = zp fJi (g,x)z~ 1 and z 7^ 0. We sup- 
pose that topological characters and weights S and S' are countable and 
each open W in S' is precompact in S. Let P" be a family of pseudo- 
metrics in G generating the initial uniformity such that for each c > and 
d G P" and {£/„ G R : n G N} with n{C/ n : n G N} = {re} there is 
m G N such that d(p 9 (U n ), p^(g, x)p(U n )) < cd(p(U n ),0) for each n > m, 
in addition, a limit p is independent /i-a.e. on the choice of {U n : n} 
for each x & S and g G S". Consider a subring i?' C R, R' D Bco(S) 
such that U{A„ : n = 1,...,N} G i?' for A n G i?' with iV G N and 
S"# = Rl. Then L(R, G, R; R!) : = {(//, *)) G L(R,G, J R) : /i - # - 
is regular and for each s <E S there are A n G R',n G N with s = C\(A n : 

For pseudo-differentiable measures p let S"' C S', S" be a dense subgroup 
in S, t'\S" is not stronger than r" on S"' and there exists a neighbourhood 
r" 9 VT" E3 e in which are dense elements lying on one-parameter subgroups 
(U t : t G B(K, 0, 1))). We suppose that p is induced from the Banach space 
X over K due to a local homeomorphism of neighbourhoods of e in S and in 
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X as for the case of groups of diffeomorphisms PI] such that is accomplished 
Theorem 4.5 for each U* C S" inducing the correspopnding transformations 
on X. In the following case S = X we consider 5" = and 5"' = with 
Re(b) > such that M M D J M C Jj C (T^X)~ with compact 

operators T M and Tj 6 ), ker(T^) = ker{T^>) = and norms induced by the 
Minkowski functional P E for E = T^B(X, 0,1) and P = Pj 6 )P(X, 0, 1) re- 
spectively. We suppose furter that for pseudo-differentiable measures G is 
equal to C s V K s . We denote P(R,G,R,U*; R') : = [(p, p M , r/ M ) : (p,p M ) G 
L(R, G, P; P'), P is pseudo-differentiable and %(t, P*, A) G L(K, t>, C s )], where 
?fo(t,E/„ A) = ^M^&MP^f 1 ^) - = 1 for each i G K for 

S = X- j(t) = 1 for t G P(K,0, 1), = for |t| K > 1 for a topological 
group S that is not a Banach space X over K, u is the Haar measure on 
K with values in Q s , (U t : t G P(K, 0, 1)) is an arbitrary one-parameter 
subgroup. On these spaces L (or P) the additional conditions are imposed: 

(a) for each neighbourhood (implying that it is open) U 3 G G there 
exists a neighbourhood S D V 3 e and a compact subset VJr, e G C V, 
with p(P) G P (or in addition D\j p(P) G P) for each 5, R 3 B G Bco(£ \ 

(b) for a given P and a neighbourhood R D D 3 there exists a neigh- 
bourhood W, S' D W 3 e, (pseudo)metric d G P" and c > such that 
p^{g, x) - p^h, x') G D (or P>£jp 9 - p h ){A) G P for A G Bco{V v ) in addi- 
tion for P) whilst g,h G W, x, x' G Vj/, d(x, x') < c, where (a,b) is satisfied 
for all (n, Pfj) G L (or (p, p M , ?y M ) G P) equicontinuously in (a) on V 9 P t , U^ 1 
and in (b) on W and on each V[/ for p^g.x) —p^(h,x') and P|^(p 9 — p h )(A). 

These conditions are justified, since due to Theorems 3.15, 3.19, 4.3 and 
4.5 there exists a subspace Z" dense in Z' such that for each e > and each 
oo > R > there are r > and 5 > with \p u (g,x) — p v (h,y)\ < e for 
each \\g — h\\ Z " + \\x — y\\z < 5, g, h G B(Z" , 0, r), x, y G P(Z, 0, R), where 
Z" is the Banach space over K. For a group of diffeomorphisms of a non- 
Archimedean Banach manifold we have an analogous continuity of p M for a 



subgroup G" of the entire group G (see [£1], ^3], [27], |29[|). By M Q we denote 
a subspace in M, satisfying (a). Henceforth, we imply that R' contains all 
closed subsets from S belonging to R, where G and R are complete. 

For p : Bco(S) — > G by L(S,p,G) we denote the completion of a space 
of continuous / : S — > G such that ||/||<i := swp heCb , S G ^d(J s f(x)h(x) 
p(dx),0) < oo for each d G P", where Cb(S,G) is a space of continuous 
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bounded functions h : S — > G. We suppose that for each sequence (/ n : 
n) C L(S,fi,G) for which g G L(S,fi,G) exists with d(f n (x),0) < d(g(x),0) 
for every d G P" , x and n, that / n converges uniformly on each compact 
subset V C 5 with ||V||^ > and the following is satisfied: / G L(>S, p, G), 
lim„ \\f n - f\\ d = for each d G P" and f s f(x)fi(dx) = lim n J s f n (x)/J,(dx). 
In the case G = K s it coincides with L(5, p, K s ), hence this supposition is 
the Lebesgue theorem. By Y(v) we denote L(K,v,C s ). 

Now we may define topologies and uniformities with the help of corre- 
sponding bases (see below) on L C G R x Pf' xS =: Y (or P C G R x Pf' xSI x 
G 5 x ^ xR =: y, R C P \ {0}. There are the natural projections it : L (V 
P) - M , 7r(p,p„(*,*) (V , Vll )) = p, £ : L (V P) - P s ' x5 , £(p,p M ,(V 
^)) = p,i, C : P -> G 5 ' xXxR , ((^p^rjfj) = 77^. Let H be a filter on L or P, 
U = U'xU"orU = U'x P" x P'", P' and P" be elements of uniformities 
on G, P and correspondingly, r'3W3e, t3Vd Vjj> 3 e, Vj// is 

compact. By [/x] we denote (p, P/J for L or (/x, p M , r/ M ) for P, £7 := L V P, 
[p](A^) := [p^p^x), V V (t,P*,A)| G W,a; G V, V t G P]. We 
consider Ac R, then 

(1) \N(A,W,Vu,;U) := {([p], M) G fi 2 |([p], C P}; 

(2) W(S;P) := {([p],H) G fi 2 |{(P^,x) : ([fi],[u])(B, g,x)) G P} G S}, 
where S is a filter on R x S' x S' c , S' c is a family of compact subsets V 3 e. 

(3) W(F, W,V;U) := {([p], [i/]) G Q 2 \{B : ([p], H)(P )C? ,a;) E U, g E W, x E V} G 
where F is a filter on R (compare with § 2.1 and 4.10); 

(4) W(A,G;P) := {([p], M) G fi 2 | {(<?,x) : ([p], [i/])(B,^,a;) G P, P G A} G G}, 

where G is a filter on S' x S c ; suppose U C Rxr^x S c , $ is a family of filters on 
R x 5" x S c or R x S' x 5 C x Y(v) (generated by products of filters $r x $ 5 / x $ 5 c 
on the corresponding spaces), U' be a uniformity on (G, P) or (G, P, F(f)), 
F C Y. A family of finite intersections of sets \N(A, U) n (F X F) (see (1)), 
where (A, P) G U x U' (or W(P, P) n (F x F) (see (2)), where (P, P) G ($ x 
U') generate by the definition a base of uniformity of U-convergence ($- 
convergence respectively) on F and generate the corresponding topologies. 
For these uniformities are used notations 

(i) Fu and F$; FrxWxV is for F with the uniformity of uniform convergence 
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on R x W x V, where W G r' e , V G S c , analogously for the entire space Y; 



(ii) Fa denotes the uniformity (or topology) of pointwise convergence for 

Ac R x Tg x S c =: Z, for A = Z we omit the index (see formula (1)). 
Henceforward, we use H' instead of H in 4.1.240, that is, H'(/l, R)-filter on 
R generated by the base [(L G R : L C A \ K') : K' G R, K' C A], where 
R C R and R is closed relative to the finite unions. 

For example, let S be a locally K-convex space, 5" be a dense subspace, 
G be a locally L-convex space, where K, L are fields, = B(G) be a space 
of bounded linear operators on G, R Q = GL{G) be a multiplicative group 
of invertible linear operators. Then others possibilities are: S = X be a 
Banach space over K, 5" = J M , 5" = J* as above; = G(t), S' D 5"' 
are dense subgroups, G = R be the field K s ( s ^ p), M be an analytic 
Banach manifold over K D Q p (see pl|). The rest of the necessary standard 



definitions are recalled further when they are used. 

5.2. Lemma. Let R be a quasi-8-ring with the weakest uniformity in 
which each fi G M is uniformly continuous and $ C $c"(R, S" x S' c ). Then 
L(R, G, R, -R')$ ( or P(R, G, R, £/*; R')$ ) ) is a topological space on which R a 
acts continuously from the right. 

Proof. It is analogous to that of §1.5.2 using Definition 4.1 for pseudo- 
differentiable /. 

5.3. Proposition. (1). Let J be a Q^-filter on M Q (R,G; R'), {A n } 
be a disjoint Q(R)-sequence, £ be the elementary filter on R generated by 
{A n : n G N} and <fi : M Q x R -> G with (j)(n,A) = fi(A). Then 0(T x E) 
converges to 0. (2). Moreover, let U be a base of neighbourhoods of e G 
S' , 4> : L -> G x E, (j)(n,A,g) := (fi 9 (A), p^(g,x)), where x E A. Then 
(0,1) G lim0(T x S x U). (3). If T is a ^-filter on P(R, G, R, U*; R'), 
il){p,,B,g,t,U») = \jj,(B);pn(g, x);r]^ a (t, B)\, then (0,1,0) G lim^(T x 
E x U) /or each given U* G S"', where E and U as m 

Proof. The proof is analogous to that of §1.5.3 with the use of the 
Lebesgue convergence theorem. 

5.4. Proposition. Let H be a ^ ^-filter on L (or P) with the topology 
F (see 5.1. (ii)), A G R, r G 3 U 3 0, H'(A, R!) G ^/(R). Then there are 
L G H ; K G R' and an element of the uniformity U for Lr/ or Pr> such 
that K C A, L = [(n,p^g,x)) : M := n Mo (L) 3 p,n T ,(L) =: W 3 g 
(or (p,, p M , r)^*, *, [/*)) and additionally D^p = PD(b,r]^))}, e & W £ r' , 
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H 9 (B) - v h {C) E U (or in addition (D b v y(B)) - (D\jV h (C)) E U) for 

K C B C A, K C C C A for each [u]) G f n U, where L := cl(L, L R ,) 
(or cl(L, Pr>)), 7Tm is a projector from L into M Q . 

Proof. Repeating the proof of §1.5.4 we get p 9 {B) - n(B) E U' , v h {C) - 
v{C) E U' and for 3U 1 C U we get 5.4 for L. From Theorems 4.4 and 4.5, §5.1, 
the Egorov conditions and the Lebesgue theorem we get 5.4 for P, since \i are 
probability measures and L#/ (or Pr/) correspond to uniformity from §5.1. (ii) 
with A = R'xt^xS c . Indeed, n 9 {A)-v h (A) = (pL 9 (A)-pL 9 (V u/ )) + (pL 9 (V u/ )- 
is h {V w )) + (is h {V w ) - u h (A)), p 9 {A) = f A p^g, x)fi(dx) for each A E Bco(S), 
for each tq 3 U' 3 there exists a compact subset V{j C A with p 9 (B) G £/' 
for each B E Bf(A\ Vu>) C\Bco(S) and the same for z/ A (due to the condition 
in §5.1 that i?' contains Bco(S)). At first we can consider A E Bco(S), then 
use i?'-regularity of measures and cri?' D Bco(S). From the separability of 5", 
S" and the equality of their topological weights to K , restrictions 5.1.(a,b) it 
follows that there exists a sequence of partitions Z n = [(x m ,A m ) : m,x m G 
A m ] for each A G Bco(S), A { n A,- = for each i 7^ j, LLAn = A, A m G 
Bco(S), such that lim n ^ 00 (// ff (yi) — ^ ^OMA?')) = an< ^ the same f° r 
z/, moreover, for VJ// each Z n may be chosen finite. Then there exists W E r' e 
with W x (5 \ V 2 ) C (5 \ V), r e 3 V C V 2 , z/>(5) and G £/' for 

each B G 5/(5 \ V 2 ) n 5co(S) (for G = K s respectively) and g E W (see 
5.1. (a)). Then from A = [Ar\(S\V 2 )]U[Ar\V 2 ] and the existence of compact 
V{j, C V with //(£) G U' for each 5 G Bf(V \ V{j,) n 5co(S) and the same 
for z/, moreover, (V^/) 2 is also compact, it follows that p 9 (B) — u h {C) E U 
for 9/7' C U, since it!' D Bco(S), where W satisfies the following condition 
H 9 {V{j,) - v h (y{j) E U' for V{j, C V 2 due to §5.1. (b), n{B) - v{C) E U', 
WV{ji C {Vlj,) 2 due to precompactness of W in S. Since pseudo-differentiable 
measures are also quasi-invariant, hence for them 5.4 is true. 

Now let \p] E UmH, A E Bco(S), then rj^ E lim^(if) in Y{y) and there 
exists a sequence rj^ n such that J* K r)^ n (X, U*, A)v(d\) = D^/i n (A) due to 
§§4.4 or 5.1 and lim^oo D^/jL n (A) = J K r^(A, £/*, A)v(dX) =: k(A) due to the 
Lebesgue theorem. From r/ M (A, £/*, A U 5) = ?7(A, [/*, A) + ?7(A, [/*, B) for An 
B = 0, B E Bco(S) it follows that v(A) is the measure on Bco(S), moreover, 
k(A) = D\j 12(A). Since p 9 (A) = f A p^(g,x)n(dx) for A E Bco(S) for g E S', 
then V (A, V*, A) = j(A)<?(A, 0, 6) [//3(A) -/^(C/^A)] =j(\)g(\, 0, 6) / A ^(<?, x) ^(dx)- 
p Ux (dx)] and in view of the Fubini theorem there exists D^fi 9 (A) = J A [f K p^(g, x) 
j(X)g(\, 0, b)[n(dx) - n Ux (dx)\v(dX), where j(t) = 1 for S = X and j(t) is the 
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characteristic function of -B(K, 0, 1) for S that is not the Banach space X. 
Then //-a.e. D^fj J 9 (dx)/Dfj t fj J (dx) coincides with p^(g,x) due to 5.1.(a,b), 
hence, (Z)^/! s , p^) generate the $ 4 -filter in L arising from the $ 4 -filter in 
P. Then we estimate D h m {^ g - v h ){A) as above p 9 {A) - v h (A). Therefore, 
we find for the <3>4-filter corresponding L, since there exists 5 > such that 
U\ G W for each |A| < 5. For $ 4 -filter we use the corresponding finite 
intersections W\ D ... H W n = W, where Wj correspond to the <3>4-filters Hj. 

Note. The formulations and proofs of §§5.5-5.10 (see Part I) are quite 
analogous for real-valued and K s -valued measures due to preceding results. 
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